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Abstract. This paper is devoted to a proof of a generalized Ray-Singer con- 
jecture for a manifold with boundary (the Dirichlet and the Neumann boundary 
conditions are independently given on each connected component of the boundary 
and the transmission boundary condition is given on the interior boundary). The 
Ray-Singer conjecture [El£] claims that for a closed manifold the combinatorial and 
the analytic torsion norms on the determinant of the cohomology are equal. For a 
manifold with boundary the ratio between the analytic torsion and the combinato- 
rial torsion is computed. Some new general properties of the Ray-Singer analytic 
torsion are found. The proof does not use any computation of eigenvalues and its 
asymptotic expansions or explicit expressions for the analytic torsions of any special 
classes of manifolds. 
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Torsion invariants for manifolds which are not simply connected were introduced 
by K. Reidemeister in [[llelll , ||Re2|| , where he obtained with the help of such invariants 



a full PL-classification of three-dimensional lens spaces. These invariants were gen- 
eralized by W. Franz to multi-dimensional PL- manifolds in W^. As the result of this 



generalization he obtained a PL-classification of lens spaces of any dimension. (These 
torsions were the first invariants of manifolds which are not homotopy invariants.) 

|Wh] | and G. de Rham in |dR3|| introduced torsion invariants 

proved that a spherical Clifford-Klein 



J.H.C. Whitehead in 
for smooth manifolds. G. de Rham in 
manifold (i.e., the quotient of a sphere under the fixed-point free action of a finite 
group of rotations) is determined up to an isometry by its fundamental group and 
by its Reidemeister torsions. The Whitehead torsion for a homotopy equivalence 
between finite cell complexes was introduced in [[Wh|| as a generalization of the Rei- 

, and ||dR3 |. (Its values are in the 



Rel 



demeister torsion invariants defined in 
Whitehead group Wh(7ri) of the fundamental group tti.) The Whitehead torsion is 
connected with Whitehead's theory of simple homotopy types ( [|Wh|| , ||dRMK|| , [|Mi|| , 
Section 7). Some modifications of Reidemeister torsions were considered by J. Milnor 
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in [pVlill , Sections 8, 12, and by V. Turaev in [^, Section 3. The scalar Reidemeister 
torsion is a global invariant of a cell decomposition of a manifold and of an acyclic 
representation of its fundamental group. It is an invariant of the PL-structure of a 
manifold. The Reidemeister torsion for an arbitrary finite-dimensional unimodular 
representation of the fundamental group can be defined as a canonical norm on the 
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determinant line of the cohomology of a manifold (with the coefficients in the local 
system defined by this representation). It is some kind of multiplicative analog of 
the Euler characteristic in the case of odd-dimensional manifolds. (The Euler char- 
acteristic of a closed manifold is trivial in the odd-dimensional case.) Formulas for 
the Reidemeister torsions of a direct product of manifolds ( [|KwS|| ) are analogous to 
the multiplicative property of the Euler characteristic. 

The Ray-Singer analytic torsion was introduced in | )RS| | for a closed Riemannian 
manifold (M, qm) with an acyclic orthogonal representation of the fundamental group 
7ri(M). It is equal to a product of the corresponding powers of the determinants of the 
Laplacians on differential forms DR'{M). These determinants are regularized with 
the help of the zeta-functions of the Laplacians. (The scalar Reidemeister torsion also 
can be written by the analogous formula, where Riemannian Laplacians are replaced 
by the combinatorial ones.) The Ray-Singer analytic torsion is defined with the help 
of a Riemannian metric qm but it is independent of qm in the acyclic case. (This 
assertion was proved in |[RS|| , Theorem 2.1.) So it is an invariant of a smooth structure 
on M. It has the properties analogous to the properties of the Reidemeister torsion 
( ||RS|| , Sections 2, 7). The Ray-Singer conjecture ( [[RS|| ) claims that for an acyclic 
representation p of the fundamental group of a closed manifold M the Reidemeister 
torsion of (M, p) (which is defined for any smooth triangulation of M) is equal to the 
Ray-Singer analytic torsion of {M,p). This conjecture was independently proved by 
W. Miiller in ||Mul|| and by J. Cheeger in ||Ch|| for closed manifolds. The Ray-Singer 
analytic torsion can also be defined for any finite-dimensional unitary representation 
p of 7Ci{M). In this case the Ray-Singer torsion is the norm on the determinant line 
det H* (M, p). For instance, it is defined for a trivial one- dimensional representation. 
So the analytic torsion norm provides us with a canonical norm on the determinant 
line of the de Rham complex of a manifold. (The Ray-Singer formula for an arbitrary 
finite-dimensional unitary representation p of vri(M) in the case, when M is a smooth 
closed manifold, claims that the Ray-Singer norm on det H* (M, p) is equal to the 
Reidemeister norm on det H* (M, p).) 

Let (M, Qm) be a manifold with a smooth boundary dM and with the Dirichlet and 
the Neumann boundary conditions independently given on the connected components 
of dM. Let Z C dM be a union of the components of dM where the Dirichlet 
boundary conditions are given. Let Fp be a local system with a fiber C" defined 
by a unitary representation p: 7ri(M) U{m). Then the Ray-Singer torsion norm 
To (M, Z; Fp) is defined on det H' (M, Z; Fp). It is independent of qm (if dM is a direct 
product metric near dM) and it depends on a fiat Hermitian metric on the fibers 
Fp (for a general {M,Z)). A fiat Hermitian structure on Fp defines a norm on the 
line det (T,, M, Z) := 0^ (det p^JxiM^zndM,) ^ ^^^^^ product is over the full set 
of representatives F^^. of fibers of Fp over the connected components M^ of M (with 
one such a fiber F^^. for each M^, Xk € M^, det F^ := A^'^'^F^). The tensor product of 
this norm and of Tq (M, Z; Fp) is a modified Ray-Singer norm on det H* (M, Z; Fp) ® 
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det (Fj., M, Z) and it does not depend on qm and on a flat Hermitian metric on 



p 



( ||V1|| ). The Ray-Singer torsion norm for tlie de Rliam complex of {M,Z) witli tfie 
coefficients in tlie direct sum of any finite-dimensional local system Fp and of the dual 
one Fp is defined in [|V2|| . In this case the Reidemeister torsion tq (^M, Z; Fp © F^j 
(i.e., the one for (M, Z) with the coefficients in Fp © F^) is well-defined, because 
the fibers of the line bundle det (^Fp © F^^ have the canonical norm in accordance 
with the local system structure. In this case, the Ray-Singer torsion differs from 
the Reidemeister torsion by an explicit factor (which is computed in ||V2|| ) but this 
torsion does not depend on qm (if 5' a/ is a direct product metric near dM). This 
definition of the Ray-Singer torsion norm does not use a Hermitian structure in the 
fibers of Fp. In |[Mii2|| another Ray-Singer torsion was introduced for the de Rham 
complex of a closed {M^qm) with the coefficients in a local system Fp, defined by 
a unimodular finite-dimensional representation p of tii{M). This torsion is defined 
with the help of an arbitrary Hermitian metric hp in the fibers of Fp and it depends 
in general on this metric. (For a non-unitary representation p there are no Hermitian 
metrics on Fp, which are fiat with respect to the canonical fiat structure.) It was 
proved in ||Mii2|| that in the case of an odd-dimensional M the Ray-Singer torsion. 



defined with the help of a Hermitian metric hp, is independent of {hp, qm) and is 
equal to the Reidemeister torsion. (The Reidemeister torsion is canonically defined 
for any unimodular finite-dimensional representation of tti. In the case of an odd- 
dimensional closed M it is independent of a flat Hermitian metric on det Fp, since 
the Euler characteristic in this case is equal to zero for each connected component 
of M.) The Ray-Singer torsion, deflned with the help of hp, depends on {hp,gM) 
for a general even- dimensional M . The deflnition of the Ray-Singer torsion for any 
finite-dimensional representation p of 7ri(M) for a closed {M,gM) equiped with a 
Hermitian metric hp (on the fibers of the corresponding vector bundle) is given in 
[BZ1||, [|BZ2||. In |[BZ2|| the Ray-Singer metric on the determinant line, corresponding 



to a finite fiat exact sequence {F',dF) of finite-dimensional fiat vector bundles over 
M is computed (in terms of qm and of Hermitian metrics on F^). 

The Gaussian integral of exp {—{Sx, x)), where S* is a positive self-adjoint operator 
in a finite-dimensional Hilbert space H, dim if = n, is equal to (27r)'^''^ (det S')"^''^. 
The Ray-Singer torsion appears naturally in the computations of asymptotic expan- 
sions for analogous infinite-dimensional integrals of exp {—ikI{A)), where I{A) pos- 
sesses an infinite-dimensional symmetry group G (fS^, |Wil[ |, |Wi2| j). For instance, 
the Chern-Simons action 

I{A) :=(47r)"^/ Tr (A A rfA + 2/3A A A A A) 

JM 

on a trivialized principal G-bundle Pq over a closed orientable three-dimensional 
manifold (where G = SUn and Tr is the trace in the A^-dimensional geometrical 
representation of G, and where A is a connection form) is invariant under the gauge 
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transformations A g Ag^^ — dg ■ g^^ =: Ag for a smooth g: M G (where Ag is the 
same connection but with respect to another triviahzation of Pq, i.e., with respect to 
another smooth section G — >■ Pg)- Stationary points of I {A) are the flat connections 
Aa (i.e., such that the curvature F {Aa) is equal to zero). The asymptotic of an 
integral of exp {—ikI{A)) as k ^ +00, k G Z+, is computed by the stationary phase 
method. The principal term of the contribution of a point Aa into this integral (in 
the case when the flat connection A^ is an isolated one) has as its absolute value 
the square root of the Ray-Singer torsion of M with coefficients in the local system, 
defined by a fiat connection Aa, with the Lie algebra g of G as its fibers (see [ |Wil 
WT^ , 2.2; [§W[, 2) 



The Reidemeister torsion was essentially used in ||Wi2[|, 4, for the computation 



of the volume of a moduli space Ai of the fundamental group representations for a 
closed two-dimensional surface. In this case the Reidemeister torsion is a section of 
|det| T*A^, i.e., it is a density on Ai. 

This paper is devoted to a proof of a generalized Ray-Singer conjecture for mani- 
folds with a smooth boundary (and also for transmission boundary conditions given 
on the interior boundaries). We suppose that the local system is trivial. The proof 
of the Ray-Singer conjecture for non-unitary local systems and for manifolds with 
corners will be the subject of a subsequent paper. 

Let (M, (yfjvf) be a Riemannian manifold with a smooth boundary dM and let 
the Dirichlet and the Neumann boundary conditions be independently given on the 
connected components of dM. Let gM be a direct product metric near dM. Then 
the Ray-Singer torsion of {M,gM) is defined as a norm on the determinant line 
detH' (M, Z). (Here Z is the union of the connected components of dM where the 
Dirichlet boundary conditions are given.) This norm is independent of gM (for direct 
product metrics gM near dM). The Reidemeister torsion of (M, Z) is an invariant of 
the PL-structure of (M, Z) and it is a norm on the same determinant line. The torsion 
norms are defined in Section 0. The Ray-Singer norm differs from the Reidemeister 
norm on det H* (M, Z) for a general dM 7^ 0. Their ratio is computed in Theorem O 
below. 

Let {M,gM) be obtained by gluing two Riemannian manifolds [jMj^gM^ along 
the common component N of their boundaries, M := Mi Uat M2 (where is 
a closed smooth manifold of codimension one in M). Let be a direct prod- 
uct metric near A^. Then, as it is proved in Theorem |1 . 1| , the Ray-Singer torsion 
norm Tq{M,Z) on det if* {M,Z) is equal to the tensor product of the Ray-Singer 
norms Tq (Mi, Zi U iV) ® Tq (M2, Z2 U iV) (g) To(iV) {Zk := Z H dMk), where the line 
det H*{M, Z) is identified with the tensor product of the fines det H* (Mi, ZiU N) ^ 
det H' (M2, Z2 U A") ® det H*{N) by the short exact sequence of the de Rham com- 
plexes 

^ DR' (Ml ,Zi U AO © (M2 ,^2 U AO ^ DR\M,Z) ^DR\N)^0, (0.1) 
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where DR'{M, Z) is the relative de Rham complex of smooth forms with the zero 
geometrical restrictions to Z, the left arrow is the natural inclusion, and the right 
arrow is a/2 times a geometrical restriction. For the Reidemeister norm this assertion 
is also true and the identification of the determinant lines is given by the analogous 
exact sequence of cochain complexes. However in this case the right arrow is the 
geometrical restriction of cochains (without additional factor V2). Let (M,Z) be 
obtained by gluing two manifolds (Mi, Zi) and (M2, Z2) along the common compo- 
nent of their boundaries, M := Mi Un M2. Then the ratio of the square of the 
Ray-Singer norm and the square of the Reidemeister norm for (M, Z) is equal to 
the product of the same ratios for (Mi, Zi U A^), (M2, Z2 U A^), and for N with an 
additional factor 2"^^^-' . So the assertion of Theorem |1.1| claims that it is possible to 
calculate the Ray-Singer norm by cutting of a manifold into pieces which are mani- 
folds with smooth boundaries. The main theorems of this paper are consequences of 
Theorem p..l| . This theorem provides us with the gluing formula for the Ray-Singer 
torsion norms. Such a gluing formula is a new one. 

In the case of a manifold with a smooth boundary, the Ray-Singer torsion To(M, Z) 
is a function not only of (M, Z) but also of the phase 6' of a cut of the spectral plane 
C (because the zeta-f unctions Cji^) for the Laplacians Aj on DR^{M, Z) are defined 
for Re s > (dimM)/2 as the sums -^"'^ over the nonzero eigenvalues, and A"** is 
defined as A^'^ := exp (^—s log^g) A^, where 6 — 271 < Imlog(-g) X < 6, 6 ^ 2ttZ). In fact, 
To(M, Z; 6) (as well as Cj{s)) depends only on [0 I2t:]. The zeta-function regularization 
of the det' (Aj) (i.e., of the product of all the nonzero eigenvalues of A^, including 
their multiplicities) is defined as exp (— 9sCj(s)|s=o). The analytic continuation of 
is regular at zero. The zeta-function m) depends on m := [6/2ti], 6 ^ 27rZ, 
as follows: 

Cj(s; m + 1) = exp(— 27ris)C(s; m), 
det' (Aj; m -Fl) = exp (27riCi(0)) det' (A^; m) . 

The number Cj(0) is independent of m, and the number Cj(0) + dimKer Aj can be 
interpreted as the regularized dimension of the space DW{M). This regularized 
dimension depends not only on the space DR^{M) but it also depends on a positive 
definite self-adjoint elliptic differential operator of a positive order, which acts in 
DR^{M). This dimension is a real number but it is not an integer in the case of 
the Laplacians on DR*{M) for a general closed even-dimensional {M^qm)- Hence, 
det(Aj;m) depends on m for such {M^qm)- The number Cj(0) is an integer for 



a generalized Laplacian on a closed odd- dimensional {M^qm)-, according to ||BGV 



Theorem 2.30, or to Theorem 1.6.1. It is equal to zero when M is closed, dimM 



is odd, and dimKer A^ = 0. 



Even in such a simple for an interval (/, dl) with the Dirichlet boundary 

conditions, the dependence of To(M, Z; m) on m is nontrivial. The ratio of the torsion 
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Tq (M, Z; [6/27i]) and the Reidemeister torsion norm is computed in Theorem 2.2 . 



The paper is organized as follows. In Section we deduce a generalization of the 
Ray-Singer conjecture from the gluing formula for Ray-Singer torsion norms. This 
formula is proved in Theorem The proof uses //-transmission interior boundary 
conditions on A^, where u = {a, (3) G \ (0,0). These interior boundary prob- 
lems give us a smooth in u family of spectral problems on M. Such a problem for 
z/ = (1, 1) coincides (in a spectral sense) with the spectral problem for a glued M. 
For u = (0, 1) or for u = (1, 0) it is a direct sum of spectral problems on Mi and on 
M2, i.e., the two pieces of M are completely disconnected. So this family provides 
us with a smooth process of cutting (in a spectral sense) of M in two pieces Mi 
and M2. Let M = Mi Un M2 be obtained by gluing Mi and M2 along the com- 
mon component N of their boundaries. Then the Ray-Singer norm Tq (M^, Z) on 
the determinant line det H* {M^,, Z) for the de Rham complex DR* (Mj,, Z) with i/- 
transmission conditions on is defined. The short exact sequence for DR' {M^, Z), 
similar to (0.1), has the same the first and third terms as (0.1). The homomorphisms 

: DR* {My, Z) DR'{N) are of the form = {ai*i + (31*2) where i*ujj are the 
geometrical restrictions to for the components ojj oi oj = {ijJi,uj2) G DR* {My, Z). 
Note that = ^i*. (Th is is the reason of the appearance of \/2i* in the exact 
sequence (0.1), connected with the gluing formula.) In Lemma we prove that the 
gluing property for analytic torsion norms (Theorem |1 . 1| ) is equivalent to the indepen- 
dence of V of the norms on det H* {Mi, Zi\J N) ® det H* (M2, Z2 U A^) ® det H'{N) 
induced by To(Mjy,Z). (Here the identification of the determinant lines is defined 
by the short exact sequence for DR* {M^, Z).) The latter assertion is proved in Sec- 
tion 1^. First we prove that the norm induced by the Ray-Singer torsion Tq {M^, Z) 
is locally independent of u in the case when aP 7^ (where u = (a,/5)). We do 
this in Sections 2.3, 2.5, and 2.6 with the help of explicit variation formulas for the 
scalar Ray-Singer torsion T{My,Z) (if u depends smoothly on a parameter). We 
define a family (in u) of homomorphisms to identify finite-dimensional subcomplexes 
W*{h') of DR* {My, Z). (The complexes W*{h') are spanned by the eigenforms of the 
Laplacians with eigenvalues less than a fixed number a > 0. We suppose that a is not 
an eigenvalue of Aj {My, Z) for < j < n.) Then we compute the actions of these 
homomorphisms on the determinant lines. These identifications are not canonical; 
we choose some particular (quite natural) identifications for u sufficiently close to z/q 
such that aoPo 7^ 0. 

Then it is enough to prove the continuity in z/ G \ (0, 0) of the norm on 
det H* {Ml, ZiUN)^ det H* {M2, Z2 U A^) det H*{N), which is induced by the Ray- 
Singer norm Tq {My, Z). We prove in Section 2.7 that the truncated scalar analytic 
torsion T {My, Z;a), corresponding to the eigenvalues A of A.j{My,Z) which are 
greater than a, is locally continuous in v. Then we prove that the norm, induced by 
the analytic torsion norm Tq {W'i^)) of ^ finite-dimensional complex W*{v), is locally 
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continuous in v. The latter assertion is proved in Sections 2.2, 2.4, and 2.7 with the 
use of the cone of the homomorphism -R*(a) : W'iv) — > C* (Xj,, Z fl X) (where -R'(a) 
is the integration of differential forms from W* over the simplexes of a given smooth 
triangulation X of M, and C* {X^, Z fl X) is the corresponding cochain complex). 
This homomorphism is a quasi- isomorphism for any z/ G \ (0, 0) (Proposition |2.3| ). 
We can conclude that the analytic torsion norm on det if * (Cone i?,y(a)) = C (for 
a fixed v) corresponds to an acyclic finite-dimensional complex and is defined by 
the derivatives at zero of the zeta-functions for self-adjoint finite-dimensional in- 
vertible operators. So these norms are locally continuous in v. (This is proved 
in Section 2.7.) Then the local continuity of the norm induced by Tq {W*{v)) on 
det H' (Ml, ZiUN)® det H' (Ma, Z2UN)® det H'{N) follows from the continuity 
of the norm (on the same determinant line) induced by Tq {C* {Xy^ Z fl X)) and from 
the identity: 

To {W:) = To {C* (X„ ZnX))/ ||l||?^„(Cone-«.(a)) ■ 



This identity is proved in Lemma | 

The use of the cone of Rl{a) allows us to avoid difficulties, connected with the fact 
that some positive eigenvalues of the Laplacians A* {M^, Z) tend to as = (a,/?) 
tends to z/q = (1,0) (or to = (0,1)). The dimensions of H*{My,Z) essen- 
tially change when a(3 7^ 0, is replaced by vq. (Only the Euler characteristic 
X {H* {Mt,, Z)) does not change when z/ is replaced by z/q.) It is impossible to find 
for a general N the precise asymptotic expressions for the eigenvalues A, which tend 
to zero as z/ — s> z/q, and especially to find the asymptotics of the corresponding eigen- 
forms ux of A* {M^, Z). So the continuity of the norm induced by Tq {M^, Z) (viewed 
as a function of v) at the point z/q cannot be proved for a general M (obtained by 
gluing two pieces Mi and M2 along N) with the help of separate computations of 
the asymptotic expressions for the scalar torsion T (Mj,, Z) and for the measure on 
det if* (M,^, Z) defined by harmonic forms. The proof of the classical Ray-Singer 
conjecture in ||Ch|| and the proof in ||Mii2|| (in the case of unimodular representations 



of 7ri(M)) are based on asymptotic computations of such quantities for a manifold 
with boundary Mu := M \ Su, where Su is a tubular neighborhood of an embedded 
sphere S'^ ^ as the radius u of the tubular neighborhood (in the normal to 
direction) tends to zero. (It is also supposed in ||(Jh|| that Su is a direct product on 



S X and that (7a/|5„ is a direct product metric on S x D 

To give a rigorous proof of the assertions above used in the proof of the gluing 
formula, it is necessary to prove a lot of analytic propositions. We do it in Sec- 
tions 2.2, 2.6, 2.7, and in Section 3. The theory of (- and 6'-functions in the case of 
z/-transmission interior boundary conditions is elaborated in Section 3. The precise es- 
timates of the corresponding ^-functions in vertical strips are obtained in Section 3.4. 
These estimates allow us using the inverse Mellin transform to derive the information 
about the densities on M, A^, and dM for the asymptotic expansions as t — >^ -|-0 of 



GENERALIZED RAY-SINGER CONJECTURE. I. A MANIFOLD WITH BOUNDARY 9 



^-functions from the properties of the densities for appropriate ^-functions. 

1. Analytic torsion and the Ray-Singer conjecture 

1.1. Analytic and combinatorial torsions norms. The analytic torsion norm 
appears in the following finite-dimensional algebraic situation. Let {A', d) be a finite 
complex of finite-dimensional Hilbert spaces. The determinant of {A', d) is the tensor 
product 

where A^^^A-' =: dciA^ is the top exterior power of the linear space A^ and where 
is the dual space for a one- dimensional vector space L over C. The natural 
Hilbert norm IHIjetA defined by the Hilbert norms on AK 

The determinant of the cohomology ActH'{A) of {A*,d) is also defined and there 
is a natural norm on it (since H^[A) is the subquotient of ^4^). The differential d 
provides us with the identification 

f{d) : det(^') ~detii'*(A). 

However in the general case this identification is not an isometry of the norms IHIdetA 
and |MldctJ/*(yi)- /(^) ^® isometry it is necessary to multiply |Mldetif»(A) 
the scalar analytic torsion of a complex (A*, d), which is defined as 

=exp(E(-l)W,(s)|.=o). (1.1) 

Here Cj{s) = J2' is the sum^ over all the nonzero eigenvalues A 7^ (including 
their multiphcities) of the nonnegative (i.e., if A 7^ then A > 0) self-adjoint operator 
{d*d+ dd*)\A^ . The derivative 95Cj(s)|s=o is equal to — logdet' {{d*d + dd*) {aj) (i.e., 
it is equal to the sum of (— log A) G M over all the nonzero eigenvalues A). 

It is enough to prove the assertion (1.1) in the case of a two-terms complex d: Fq 7:^ 
Fi, where dimF^ = 1, ej e Fj, dcQ = /xci, jj, ^ 0, and where ||eo||^ — 1 = ||ei||^. 
In this case the element ei (8) Cq ^ £ det {F') is of the unit norm and the square of 
the norm of the corresponding element G C from C = det = det if* (F) is 
equal to If the norm is multiplied by the scalar analytic torsion for 

F', namely by exp (logdet {d*d)) = exp (logdet (dd*)) = luf then the isomorphism 
between det(F') and C = detO (defined by d) becomes an isometry. 

This finite-dimensional definition make sense also for the infinite-dimensional de 
Rham complex of a closed smooth manifold. In this case the analytic torsion is 
the norm on the determinant of the cohomology of this manifold. Let {DR*{M), d) 
be the de Rham complex of smooth differential forms (with the values in C) on a 
closed manifold M. The scalar analytic torsion for a closed Riemannian manifold 
(M^qm) is defined by the same formula (1.1), where d* — S (relative to qm) and 



^The function A * is defined as exp (— s log A) where log A e M for A e 1R+. 
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{d*d + dd*)\DR^{M) is the Laplace-Beltrami operator Aj. In this case the series, 
which defines Cj{s), converges for Re s > (dimM)/2. The analytic function Cj{s) 
can be analytically (meromorphically) continued to the whole complex plane. It is 
known that Cj{s) has simple poles and that it is regular at zero (|Se2|). 



The cohomology H' {DR{M)) are canonically identified (by the integration of the 
forms over the simplexes) with the cohomology H'{M) of M. This follows from the 
de Rham theorem. The Hodge theorem claims that each element of {DR{M)) has 
one and only one representative in the space of harmonic forms Ker Aj. The natural 
norm on Ker (defined by the Riemannian metric qm) provides us with the norm 
IMIdetH*(M) det H'{M). For an odd-dimensional M this norm depends on qm- 
Definition. The analytic torsion norm To(M) on detH*{M) is the norm 



To(M) := 



\ det H'{M) 



exp S(-imG(s) 



\s=0 



(1.2) 



The main property of this norm is its independence of a Riemannian metric qm- 
So it is an invariant of a smooth structure on M. Let us suppose that qm = QMil) 
depends smoothly on a parameter 7 e M^. Then the variation formulas in |[RS 
Theorems 2.1, 7.3 (or in [C^], Theorem 3.10, (3.22)), claim that 



d,Y.i-'^yjdsQ,,{s)l^^ = Y.i-iy{-TT{exp{-tA,^,)a)' + ^^^ 



1.3) 



Here H-j^^ is the kernel of the orthogonal projection operator from DR^{M) onto 
Ker Aj(M, (7^/(7)), a := *^^d^ (*^) (*^ corresponds to gAiil)) and Tr(exp(— tAj^^)a)° 
is the constant coefficient in the asymptotic expansion as t — +0 (n := dimM): 



Tr (exp (-tAj- ^) a) = J2 + o (t^) . 



(1.4) 



k=0 



The existence of the asymptotic expansion (1.4) follows from [Cji], Theorem 1.6.1, 
or from | |BGV| ], Theorem 2.30. For a family of norms ||-||^ (7) on det H*{M) defined 
by the harmonic forms Ker {Aj (M, (7^/(7))) the following equality holds for any fixed 
/i G det H'{M), ^ (|R§], Section 7): 



^7 log y\\detH'{M) (7) = - E (-!)■' Tr (Hj-^a) 
Hence, (1.3) involves the equality 

9,logTo(M,(7M) = E(-l)'^' 



m 



■j,n/2- 



;i.5) 



Since k in (1.4) are integers, we see that the right side of (1.5) is zero for odd n. 
For even n, n = 21, the right side of (1.5) is also equal to zero, since nij^i = —m2i-j,i- 
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This fact follows from the equalities 

^7 (*7^*7) = 0' a = - * 

Tr (exp (-tAj) a) = Tr ((* exp {-tAj) *-^) (-«)) = - Tr (exp (-tA„_j) a) , 

(since they involve the equalities rrij^k = —^n-j,ki where n is even and k G Z+ U 0). 

The analytic torsion norm can be interpreted (in an intuitional sense) as the norm, 
corresponding to an element v G det DR*{M) {v is defined up to a multiplicative con- 
stant c G C, |c| = 1, and its "torsion norm" is equal to one). The space detDR*{M) 
and L2-norm on it are not defined but the space det if* (M) and the analytic torsion 
norm Tq{M) on it are rigorously defined. For a finite-dimensional complex the an- 
alytic torsion norm on the determinant of its cohomology corresponds to the norm 
on the determinant of the complex defined by the Hilbert structures on the terms 
of this complex. The analytic torsion norm is (in some sense) a multiplicative Euler 
characteristic useful for odd- dimensional manifolds. 

The same definition of To(M) make sense also in the case when M is a compact 
Riemannian manifold with a smooth boundary DM = UiVj and with the Dirichlet or 
the Neumann boundary conditions given independently on each connected component 
Ni of dM. Let the metric qm be a direct product metric near dM. Then To(M) is 
independent of qm as in the case of a closed manifold (this is proved below). 

Let X be a smooth triangulation of M and let {C'{X), dc) be a cochain complex of 
X ( with complex coefficients). Then each C^{X) has the Hilbert structure defined 
by the orthonormal basis of basic cochains {Se}, where 5e(ei) is 1 for ei = e and 
for ci 7^ e. Hence the scalar torsion T (C*(X), dc) is also defined. 

The combinatorial torsion tq{X) is defined as the following norm on the determi- 
nant of the cohomology H* (C(X), 4) = H'{M) : 

^o(X):=|M|Lh.(C(X))-^(^'W,4) (1.6) 

(where {C{X)) is the subquotient of C^{X) and so it has the natural Hilbert 
structure induced from C^{X)). The norm (1.6) is invariant under any regular subdi- 
visions of X. So this norm is an invariant of the combinatorial structure of M (which 
is completely defined by a smooth structure on M). This norm corresponds to the 
Hilbert norm on detC"(X), defined by the basic cochains. 

Let M be a manifold with a smooth boundary dM = UNi, where A^j are the 
connected components of dM. Let Z be the union of Ni where the Dirichlet boundary 
conditions are given. Set V := XnZ. Then (1.6) (where H'{C{X)) and T (C"(X), 4) 
are replaced by H*{C{X, V)) and by T (C*(X, V), 4)) provides us with the definition 
of the norm tq{X,V). This norm is an invariant of the combinatorial structure on 
(M,Z) (O, Sections 7, 8, 9). 
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1.2. Gluing formulas. The Ray-Singer conjecture claims that for a closed smooth 
manifold M the norms tq{M) and Tq[M) on the same one-dimensional space deti7*(M) 
are equaP 

To(M)=ro(M). (1.7) 

How to prove such a formula in a natural way? It is necessary to find a general 
property of the analytic torsion which involves the equality (1.7). Such a property 
can be formulated as follows. Let (M, dM) be a Riemannian manifold with a smooth 
boundary and with the Dirichlet or the Newmann boundary conditions given in- 
dependently on the connected components of dM. Let a closed codimension one 
submanifold of M, H dM = 0, divides M in two pieces Mi and M2 (glued along 
N), M = Ml Un M2, and let a metric Qm be a direct product metric near N and near 
dM. Let To{Mk,N) be the analytic torsion norm for M^ (with the Dirichlet bound- 
ary conditions on N) , and let the boundary conditions on the connected components 
of dM belonging to dM^ be the same as for To(M). The following assertion central 
in this paper. 

Theorem 1.1 (Gluing property). The analytic torsion normTf)[M, Z) is the ten- 
sor product of the analytic torsion norms for {Mi, ZiU N), {M2, Z2N), and for N 

cpanToiM, Z) = To{Mi, ZlUN)® %{M2, U TV) (8) n{N), (1.8) 

where Z^ :— Z n dMk- 

The identification ipan (in (1-8)) of det H*{M, Z) with the tensor product of the 
three one-dimensional spaces: 

iPan ■■ det H'{M, Z) det H*{Mi, ZiU N) ® det //'(Ms, Z2U N) ® det H\N) = 

=: Det(M,iV,Z) (1.9) 

is defined by the long cohomology exact sequence corresponding to the following short 
exact sequence of the de Rham complexes: 

^ DR\Mi,Zi U N)®DR\M2,Z2 UN)^ DR\Mi^i,Z) ^ DR\N) ^0. (1.10) 

The relative de Rham complex {DR*{Mjs, Z^U N),d) (where d is the exterior 
derivative of differential forms) consists of the smooth forms uj on M^, having the 
zero geometrical restriction to : i^o; = (where ik'. N C dMk ^ Mk) and also 
having the zero restrictions to the components of dM fl M^.. where the Dirichlet 
boundary conditions are given (i.e., to Zk). The complex {DR{Mi i) ,d) consists of 
the pairs {u!i,u!2) of smooth differential forms cuk € DR* {Mk, Zk) (i.e., LOk have the 

^Thc cohomology R* (DR(M)) and H* {C{X)) arc identified (according to the de Rham theorem) 
by the homomorphism of the integration of forms from DR*{M) over the simplexes of a smooth 
triangulation X of M. 
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zero geometrical restrictions to the corresponding components of dM fl M^), which 
have the same geometrical restrictions to N: 

The differential d{uji,uj2) in DR' (Mi^i) is defined as {duji,duj2)- The left arrow in 
(1.10) is the natural inclusion of ®kDR' (M^, Zk U A^) into DR' (M^, Z). The right 
arrow r in (1-10) is not a usual geometrical restriction but is the one multiplied by 

r(cui, = V2tluJk e DR'{N). (1.11) 

To define (pan it is necessary to introduce a natural identification of H* {DR{M, Z)) 
with H* {DR{Mi i, Z)). (The short exact sequence (1.10) provides us with the iden- 
tification 

^an ■■ det H' {DR (Mi,i, Z)) ^ Det(M, A^, Z), 
but not with the identification of det H' {DR{M, Z)) with Det(M, N,Z).) We show 
in Proposition p,.l| (for any given metric qm) that not only all the eigenvalues with 
their multiplicities but also all the eigenforms of the natural Laplacian Ai^i on 
DR* {Mi l, Z) are the same as for the Laplacian on DR*{M, Z). Thus, the oper- 
ator Ai^i((7m) in a very strict spectral sense is the same as A^qm)- 

The homotopy operator between the identity operator on DR* (Mi i,Z) and the 
projection operator from DR* [Mi i, Z) onto Ker* Ai 1 = Ker* A is obtained with 
the help of the Green function Gi^i for the operator Ai 1 (Lemma |1.1| ). This ho- 
motopy operator provides us with the canonical identification of H* {DR{Mi^i, Z)) 
with KerA'^. So it defines the identification of H* {DR{Mi^i, Z)) with Ker A* = 
H*{DR{M,Z)) ( since Ker A* is canonically identified with Ker A* 



To prove Theorem |1.1| we introduce a family of interior boundary conditions on N 
and show that the induced norm (fanTo {M^, Z) on Det(M, A^, Z) is independent of 
V (where v = {a, (3) G \ (0,0) are the parameters of interior boundary conditions 
on A^). Namely 

ifl'^To (M,, Z) = coTo (Ml, ZiUN)® To (M2, U A^) ® To{N) (1.12) 

with some positive cq which may depend on (M, qm, dM) and on the boundary con- 
ditions on dM but does not depend on the parameters {a, (3) = v. Suppose that 
the formula (1.12) holds for any gluing two pieces Mi and M2 along a closed A^, 
M = Ml Utv M2, where the factor cq is independent of u. Then it is easy to con- 
clude that Co = 1 (Lemma |1.2| ). In (1.12) To(Mj^,Z) is the analytic torsion norm 
for the de Rham complex {DR*{M^, Z),d). This complex consists of the pairs of 

smooth forms (cui, 0^2) such that ujk G DR* [M^, Z^) has the zero geometrical restric- 



tions to := Z n dMk and that the following transmission condition holds for the 



'^Z is the union of the components of dM where the Dirichlet boundary conditions are given. 
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geometrical restrictions ilook of ujf^ to 

ailui = Piluj2. (1-13) 

The analytic torsion norm Tq{M,^,Z) is defined for an arbitrary u = {a, (3) G 
\ (0, 0). There is a canonical identification of {DR* {M^y, Z)) with the space 
of the corresponding harmonic forms Ker {AiylDR' {M^, Z)) (Lemma |1 . 1| ) . This 
identification (similarly to the case of DR' (Mi i,Z)) is obtained by the homotopy 
operator, which is defined using the Green function for the Laplacian A,y. (This 
Laplacian is an elliptic self-adjoint operator by Theorem The boundary con- 

ditions for Aj, on and dM are elliptic (and differential). The Green function 



Gi, for A,y exists (and depends smoothly on u ^ (0,0)) according to Theorem |3]T 
and to Proposition This identification provides us with the natural norms on 
W {DR* {M^,Z)) =: W (M^, Z) and on det H* {M^, Z). The scalar analytic torsion 
T{My,Z) is defined by Cvj{s) := YH^^'^ for Re s > (dimM)/2 (where the sum is 
over all the nonzero eigenvalues Aj of the Laplacian := Ay\DR^ [M^, Z) with 
their multiplicities). These functions Ci/j can be continued to meromorfic functions 
on the whole complex plane with simple poles and regular at zero. (This statement 
is proved in Theorem |3.1| and in Proposition below.) 
The analytic torsion norm on det H* {My, Z) is the norm 



s=0 



The identification yj"" in (1.12 ) is defined by the short exact sequence of the de 
Rham complexes (where Zk := Z (1 dM^): 

^ DR* (Ml, ZiUN)® DR* (Ms, Z2U N) ^ DR' {M^p.Z) ^ DR'{N) 0. 

(1.14) 

The left arrow in (1.14) is the natural inclusion and the right arrow ra,i3 is 

TaA^u ^2) := («' + PY'/^PtltOi + mlu2). (1.15) 

For (a,/?) = (1, 1) we have ri_i = \/2i\ijJk- This corresponds to (1.11). Hence, is 
equal to <^^"^ for {a, 13) = (1, 1). 

The complex DR* {My, Z) for the values (0, 1) and (1, 0) of z/ is the direct sum of the 
de Rham complexes of all the smooth forms (with the zero geometrical restriction to 
Zfc) on one of the manifolds M^ and of all the smooth forms with the zero geometrical 
restriction to Zj U on another piece Mj of the manifold M. Thus, the two pieces of 
M are completely disconnected with respect to DR* {My, Z) for these special values 
of V. The family of spectral problems on DR* {My, Z) for z/ G \ (0, 0) provides us 
with a smooth deformation between a spectral problem on M (without any interior 
boundary conditions) and the direct sum of spectral problems on (Mi,Zi) and on 



GENERALIZED RAY-SINGER CONJECTURE. I. A MANIFOLD WITH BOUNDARY 15 



(M2, Z2U N). So this family of interior boundary problems is (in a spectral sense) a 
kind of a smooth cutting of M in two disconnected pieces. 

Let {Mi,N) be a compact smooth Ricmannian manifold {Mi,gMi) with a smooth 
boundary dMi and let iV be a union of some connected components of dMi. Let a 
metric gui be a direct product metric near the boundary. Then (as it follows from 
the equality (L8)) the analytic torsion norm ro(Mi,A^) on det H' {DR {Mi, N)) 
does not depend on qmi- To prove this it is enough to take as {M^qm) a closed 
manifold M = Mi Uat Mi with a mirror symmetric (with respect to A^) Riemannian 
metric qm which coincides with on each piece Mi of M {qmi is a direct product 
metric near N and so qm is smooth on M). Since the torsions To(M) and To[N) are 
independent of gMi and of qn — QmiItN we see that Tq (Mi, N) does not depend on 

9 Mi- 
lt follows from the equality (1-12) with cq = 1 that Tq {M^, Z) does not depend on 
qm- Indeed, Tq {Mj, Zj U N) and To{N) are independent of qm, and the identification 
ipl"' is also independent of qm- (Here M is a manifold with a smooth boundary dM, 
N n dM = 0, the Dirichlet boundary conditions are given on a union Z of some 
components of dM, the Neumann boundary conditions are given on dM \ Z, and qm 
is a direct product metric near dM and near A^, Z^ :— Z f] dMk) 

Since DR* (Mo,i, Z) is the direct sum DR* (Mi, Z^) © DR* (M2, Z2 U N) of the de 
Rham complexes {Z^ := Z Cl dM^), we see that the analytic torsion norm Tq (Mq^i) 
is canonically equal to the tensor product of norms: 

To (Mo,i, Z) = To (Ml, Zi) To (M2, Z^U N) . (L16) 

The determinant line in (1.16) is the tensor product 

det H* (Mo,i, Z) = det H* (Mi, Zi) ® det H' (M2, Z2 U A^) 

(where H* (Mi, Zi) and H* (M2, Z2 U N) are the relative cohomology). 
The formula (1.8) claims for u = (0, 1) that 

V^S^iTo (Mo,i, Z) = To (Ml, Zi U iV) ® Tq (M2, Z2 U AT) ® To{N). (1.17) 

It follows from the definition of the exact sequence (1.14) that (/?q" is the identity on 
the component det H* (M2, Z2 U A^) of det H* (Mo,i, Z). The following theorem is an 
immediate consequence of (1.16) and (1.17). Let A" be a union of some connected 
components of dMi, let Mi be a compact Riemannian manifold with a smooth bound- 
ary dMi and let Zi be a union of some connected components of dMi not belonging 
to A^. Suppose that the metric is a direct product metric near dMi. 

Theorem 1.2 (Gluing of boundeiry components). The equality holds 



cpanTo (Ml, Zi) = To (Ml, Zi U AT) ® To{N). 



(1.18) 
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The identification of tlie determinant lines in (1.18) 

^an ■■ det H' (Ml, Zi) ^ det H' (Mi, Z^U N) ® det H'{N) (1.19) 

is defined by tlie sliort exact sequence of tlie de Rliam complexes: 

^ DR* (Ml, ZiUN)^ DR' (Mi, Zi) DR'{N) 0, (1.20) 

where the left arrow is the natural inclusion, and the right arrow is the geometrical 
restriction. 

Example 1.1. Formula (1.18) contains the Lerch formula ( ||W W|| , 13.21, 12.32) for 
the derivative at zero of the zeta-function of Riemann ({s) (defined for Re s > 1 as 

J2n>l^ *)• 

a,C(s)|.=o = -2-Mog27r. 

Indeed, let M be an interval (0, 6] C R with the Dirichlet boundary conditions at 
and the Neumann conditions at b. Set be a point b. Then the formula (1.18) 
claims in this case that 

To((0,6]) = ro((0,6))®To(6). (1.21) 

The cohomology H* {{0,b]) = iJ*([0,6],0) are trivial. The scalar analytic torsion 
T((0, b]) is equal to exp {—ds(i{s; M)\s=o), where Ci{s; M) is the zeta-function for the 
Laplacian on DR^ ((0, 6]). This zeta-function for Re s > 1/2 is defined by the series 

Ci(.;M) = E(((7r/26)(2n + l))^)"\ 

n>0 

So Ci(s;M) = (7r/26)-2^(l -2-2«)C(2s) for Re s > 1/2, where ({s) is the zeta- 
function of Riemann. Hence, the latter equality between the analytic continuations 
of Ci(s; M) and of C(2s) holds for all s e C, and 9,Ci(s)|s=o = 2C(0) log2. 

The determinant line det if*(M) on the left in (1.21) is canonically isomorphic to 
C, and the To(M)-norm of the element 1 G C is equal to 

||l|||,(j^,) = exp (-C((0; M)) = exp (-2 C(0) log2) = 2. 

(Note, that the function 2 C{2s) is the zeta-function for the Laplacian A = {—d'^/dx^) 
on functions on the circle of the length 2ti. As the circle is odd-dimensional, then 
the value of 2C{2s) at zero is equal to — dimKer A = —1. Hence, 2^(0) = —1.) 

The scalar analytic torsion T ((0, b)) is equal to exp(— 9sCi(s;M,A^)), where Ci(s;M,A^) 
for Re s > 1/2 is defined by the series 

Ci(.;M,Ar) = ^ {{{'nlh)n)Y = {n/b)-'X{2s). 

n>l 
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Hence, this equality holds for all s G C, and the scalar analytic torsion is equal to 

T ((0, b)) = exp (-2 C'(0) + 2 C(0) log(7r/6)) = exp (- log(7r/6) - 2C'(0)) . 

The identification of the determinant lines on the right and on the left in (1-21) is 
defined by the cohomology exact sequence 

^ H\b) ((0, b)) 0. (1.22) 

The element 1 G H^{b) (of the norm 1) is mapped by (1.22) to the element {dx/b) 
of the norm = b~^. The element h = 1~^ (g) (dx/b), corresponding to the 

element 1 G C = det H' ((0, b]), has the norm b^^. So the equality (1.21) claims that 

log 2 = -log6-log(7r/6) -2C'(0). 

Thus the equality C'(0) = —2^^ log(27r) is a particular case'' of Theorem [L^ . 

The natural L2-norm on (BjDR* (^Mj^ is defined by 

{vi,vi) := f {viA*Vi), (1.23) 

where (fi A *vi) is a real density on M, corresponding to vi A *vi. 

Lemma 1.1. The Green functions Gy for the Laplacians A* provide us with the 
homotopy operator in the complex DR' (M^, Z) 

K, := 5G, (1.24) 

between the orthogonal projection operator pt-^: DR*{Mi,,Z) — > Ker (A*) and the 
identity operator on DR* {M^, Z). The following equality holds in DR* {M^, Z) : 

dKy + Kyd = id —pn- 



Proof. The Green function for A* maps the L2-completion (DR*{M))2 oi DR*{M)^ 
into the Dom (A*) (Theorem lO] ). The Dom (A*) is defined as the domain of defi- 
nition D (A*) for A* in DR* [M^, Z) completed with respect to the graph topology 
norm ||t^||gr<jpft := + 11^*^^112 ^ ^ (A*) (where ||a;||2 := {uj,uj) is the L2- 

norm (1.23)). The Green function G^, maps DR*{M,y,Z) into D {AD (since, by 



^In this paper the proofs of the equahty (1.18), of Theorem LI, and of the equahty (L12) with 
Co = 1 do not use the Lerch formula. So we have obtained (by the way) a new proof of the Lcrch 
formula. 

^{DR*{M))2 coincides with the L2-completion of DR' [M^^Z) and with the L2-completion of 
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Theorem A* is a nonnegative elliptic differential operator with elliptic boundary 
conditions). The definition of the Green function claims that 

AIG, = id -pn, (1.25) 

on {DR'{M))^ (where A'cu for uj e Dom (A') is defined as limj A'tu^ for Ui e D (A*), 

lieu — i^ilfgraph ~^ particular, this equality holds on DR' {Mi,, Z) C {DR*{M))^. 

The D (A*) C {DR*{M))2 is defined as follows. The adjoint to d^y operator 5jy in 
(BjDR* (^Mj^ is defined on elements V2 = {001,002), where ook are smooth differential 
forms on Mk and the linear functional 

^^2(^1) =< dvi,V2 >= / {dvi A *V2) 

Jm 

is continuous in DR' {My, Z) with respect to the L2-norm (1.23) of Vi G DR* {M^, Z). 
For such an element V2 = {001,002) the form *V2 = {*ooi, *oo2) has the zero geometrical 
restriction to dM \ Z, and the following transmission condition has to hold on for 

V2- 

Pi%^-i^{*ui) = ai% 2{*^2), (1-26) 

where iN,k'- N C dM^ M^. (These boundary conditions for V2 are consequences 
of Stokes' formula.) 

The domain D (A*) C DR' {M^, Z) is defined as the set of 00 e DR' (M^, Z) such 
that 

ujeD{6y), dooeD{6y), 600 e DR' {M^, Z) . (1.27) 

Note that dG^oo = G^doo for 00 G DR' {M^, Z) (this equality follows from Stokes' 
formula). Hence the identity (1.25) can be represented on DR' {M^, Z) as 

Kd + dK = id — p-H- 

Thus the lemma is proved. □ 

Corollary 1.1. The homotopy operator (1-2A) defines a canonical identification be- 
tween the cohomology H' {DR {My, Z)) and the space of harmonic forms Ker' (A^). 

Let for simplicity (7 a/ be a direct product metric near A^. Let the Dirichlet boundary 
conditions be given on a union Z of some connected components of dM and the 
Neumann conditions be given on dM \ Z. Then the following holds. 



Proposition 1.1. The eigenforms of A {M, Z; qm) are the same as the eigenforms 
of A,,,. 
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Proof. Let v be equal to (1, 1). The conditions (1.27) for lo = {uj\^ uj-i) eDR* {Mi^i,Z) 
are equivalent on to the following ones: 

^*N,l^l = ^^2^2, i*N,li*^l) = i*N,2i*^2), (1-28) 

i%^^{*duJi) = ilf 2{*duJ2), i*N,i{*d * uJi) = i*N^2{*d * ^^2), (1-29) 

where * is the star-operator for the Riemannian metric qm- 

The equalities (1.28) claim that the restrictions to of the forms Ui and uj2 are 
the same (i.e., they are the same smooth sections of A'T*M\n)- The equalities (1.28) 
and (1.29) are equivalent to the assertion that the following pairs of forms have the 
same restrictions to (as the smooth sections of A'T*M\n): 

{duji,duj2}, {6uji,6uj2}, {u;i,u;2}. (1.30) 

Any eigenform for A* (M, Z; qm) belongs to D ^ . So it is an eigenform for A* ^. 
Let uj = {uji,uj2) G D (A*^^) be an eigenform for Ai i: 

A'^icu = (AV, A'cja) = A(cui, cua). (1.31) 

Then® Uk are C°°-forms on Mk and (as it follows from (1.30), (1.31)) the restrictions 
of the following pairs of forms are the same as the sections of A*T*M\n (for k = 
0,1,2...): 

{aV,A'^cj2}, {dAV,rfA'=cj2}, {5AV,5A'=cj2}. (1.32) 

So a; = (cji,cj2) is a C°°-form on M = Mi Utv M2. In fact, it follows from (1.28) 
and from the identity of the restrictions to A^ of Aui and Auj2 that (A/ ® id) Uk 
have (for k = 1,2) the same restrictions from Mk to N. (The Laplacian A is equal 
to id/^A^v + A/ ® id^v with respect to the direct product structure J x A^ in the 
neighborhood ofA^ = OxA^^/xA^^M, Og/ \ dl.) Hence, according to (1.28) 
and (1.29), the 2-jets of ui and of LJ2 are the same on A^. The identity between the 
{2k + l)-jets of ujk on A^ follows (by induction) from (1.32). Thus, u is an eigenform 
for Am: Am^^ = Acj. The proposition is proved. □ 

1.3. Properties of analytic and combinatorial torsion norms. One of the 

main properties of the analytic torsion norm is as follows. Let M be a manifold 
Ml X M2 with a direct product metric. One of these Riemannian manifolds, for 
instance Mi, can have a nonempty boundary dMi. In this case let qmi be a direct 
product metric near dMi , and let the Dirichlet boundary conditions be given on the 
components Z = ZiX M2 of (dMi) x M2 = d (Mi x M2). Let the Neumann boundary 
conditions be given on d (Mi x M2) \ {Zi x M2) = {dMi \ Zi) x M2. 

^AU the eigcnforms of A* (for e \ (0,0)) are C°°-sniooth on Mk, as it follows from Theo- 
rem 



20 S.M. VISHIK 

The Kiinneth formula for the cohomology claims that 

W{M, Z) = ®,+k=jH' (Ml, Zi) ® H'' (M2) . (1.33) 
So the determinant of the cohomology of DR*{M, Z) is the tensor product 

det H'{M, Z) = (det H' (Mi, Z,))''^^''^ ® det H' (Ma)'^^*'^'^^^ . (1.34) 

Proposition 1.2. The identification induces the isomorphism of the analytic 

torsion norm To(M, Z) with the tensor product 

To(M, Z) = To (Ml, Zif"^^''^ ® To (Ma)®^^*'^'^^^ , (1.35) 
where x{Mi, Zi) , x (M2) are the Euler characteristics. 

Remark 1.1. It is shown above that the analytic torsion norms To(M, Z), To (Mi, Zi), 
and To (M2) are independent of Riemannian metrics qm, Qm^ which are supposed to 
be direct product metrics near 9M, c^Mi. So, if the equality (1.35) holds for a direct 
product metric on (Mi, dMi) x M2, (where qm^ is a direct product metric near c^Mi) 
then this equality holds for any metric qm (which is supposed to be a direct product 
metric near DM). 

Proof. The scalar analytic torsion T( Af ) for a direct product metric on Af = Mi x M2 
is equal to 

T(M, Z)=T (Ml, Zif^^'^^ T (M2)'^^*^^'^^^ . (1.36) 

This statement is proved in ||RS|| , Theorem 2.5, in the case of an acyclic local system 
over Ml. In the general case, (1.36) follows from the proof of Theorem 2.5 in ||RS|| 
and from the following equality (where A 7^ 0, m(z. A, M2) is the dimension of the 
A-eigenspace for A^^j,*, "^(j5 0,Mi) := dim Ker Ajv/^^^^.j): 

^ (-1)*+^- (z + j)m (z. A, M2) m (j, 0, Mi) = (-1)^ im (z. A, M2)) x (Mi, Z^) , 

which holds, since the alternating sum over i of m{i, A, M2) is equal to zero (for any 
nonzero A). 

For such a metric on M the following canonical identifications are the isometrics 
between the natural Hilbert structure on the space of harmonic forms Ker Aj(M, Z) 
and the tensor products (and the direct sums) of the Hilbert structures on harmonic 
forms for A, (Mi, Zi) and A, (M2): 

Ker Aj(M, Z) = ®i+k=j Ker A^ (Mi, Zi) ® Ker A^ (M2) . (1.37) 

These Hilbert structures induce the norms on 



det H*{M, Z) = det Ker A. (M, Z; qm) , det H' (Mi, Zi) = det Ker A. (Mi, Zi, c/mJ 
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and on detH' (M2) = detKer A, {M2,gM2) such that the identification (1.34) of the 
determinant lines is an isometry: 



1^ = (11-11^ 

I detKer A Af 1" H det Ker Ajv/-, 



Y(M2) / 2 \x(Mi,Zi) 
) [\\-\\detKerAMj ' ^^^'^^^ 



The equahty (1.35) follows from (1.36), (1.34), and (1.38). □ 

The following lemma makes it possible to use the variations on u in the proof 



of Theorem |1 . 1| . Let (M, qm) be a compact Riemannian manifold with a smooth 
boundary dM and let M\dM be a smooth closed codimension one submanifold 

of M with a trivial normal bundle {TM\n) /TN such that M = MiUnM2 is obtained 
by gluing two its pieces Mi and M2 along A^. Let (7m be a direct product metric near 
dM and near N. Let Z he a union of some connected components of dM where the 
Dirichlet boundary conditions are given and let the Neumann boundary conditions 
be given on dM \ N. 

Lemma 1.2. Let us suppose that the norm ip^f^To {M,y, Z) is independent of u E 
\ (0, 0) for any such (M, qm, N, Zy (where the identification yj"" is defined by the 
exact sequence (^1.14j of the de Rham complexes and by Lemma \rA\ ) . Then the factor 
Co in the gluing formula (1-12) for ^I^'Tq {M^,, Z) is equal to one. 

Remark 1.2. Theorem |TTI| is a direct consequence of Lemma |1.2| and of the assertion 
that ^"J'Tq (M^, Z) is independent of i/ G \ (0, 0). Indeed, Tq (Mi,i, Z) coincides 



with To(M, Z) (according to Proposition |lT1) and the identifications and (fan are 



the same. Hence the formula (1.12), where cq is equal to one and u = (1, 1), is the 
gluing formula of Theorem p..l| . 

Remark 1.3. The assertion that the norm (p'^^Tq {M^, Z) does not depend on u is 
equivalent to the independence of u of the factor cq in (1.12). 

Proof. The factor cq in (1.12) lies in M+. If cq is independent of u for (M, gM, N, Z) 
then 

y^ll To (Mi,o, Z) = To (Mo,i, Z) . (1.39) 

It follows from (1.39) and from (1.16), (1.19), and (1.14) that there are the equalities 
with the same positive constant co as in (1.12) for {M, gM, N, Z) (where Zk := Z (1 
dMk): 

cpanTo (Ml, Zi) = coTo (Mi, Z,UN)(g) To(iV), (1.40) 
^anTo (M2, Z2) = CoTo (M2, ^2 U iV) ® To(iV). (1.41) 



^The equivalent formulation is as follows. Let M be obtained by gluing along TV, i.e., M = 
MiUn M2, and let it be equipcd with a Riemannian metric gM, which is a direct product metric near 
dM and near N. Then it is supposed that the norm f'^^To {M^, Z) is independent of S \ (0, 0). 
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We can conclude from (1.40) and (1.41) that the factor cq = Co{N,g]\f) is defined by 
N. g^- and that it does not depend on Mi, M2, M, and qm (it is independent also of 

Let Ml in (1.40) be a manifold Mi — N x I with a direct product metric. Then 
dMi ^ NUN and (1.40) claims in this case that 

ifanToiN X /) = co{N, Q^f To{N xI,NxdI)^ To{Nf^, (1.42) 

where the identification ipan is defined by the exact sequence (1.20). It follows from 
(1.42) and from the multiplicative property (1.35) that 

To(iV)^(^) ® To(/)'^(^) = cl To(iV)^(^'^^) ® Toil, dl)^'^''^ ® To{N)\ (1.43) 

where Cq := Co{N, gj^) depends on N and on g^ only. Then the following equality is a 
consequence of (1.43) and of the identification (1.19) (defined by the exact sequence 
(1.20)): 

To(J)>^W = Co(iV,^^)2To(/,9/)>^W ® To(9/)>^(^). (1.44) 

Note that To(c?/) is the standart norm on det H*[dl) which is canonically identified 
with C (up to a possible factor (—1) in the identification). Namely ||l||^g = 1 for 
1 G C. An immediate consequence of the equality (1.41) for Mi — I, N — dl and of 
(1.44) is the following: 

Co(7V,^Ar)' = Co(97)>^W. (1.45) 

Hence, it is enough to prove that co{dI) = 1, and it will be done now. 

Let I be an interval [0,a]. The scalar analytic torsions for / and for {I,dl) are 
equal: T{I) = T{I,dI), since 

Ciis;I) = Co{s;I,dI), (1.46) 
Ci{s;I,dI)^Co{s;I,dI), (1.47) 

(where (j{s; M, Z) is the ^-function of the Laplacian on (DW {M, Z), gM))- The 
equality (1.47) follows from the identification of the eigenforms, defined by the exte- 
rior derivative d, and the equality (1.46) follows from the identification of the eigen- 
forms defined by the Riemannian * on I. 

The cohomology exact sequence for the pair {I,dl) is 

^ H^{I) H^{dl) H\I, dl) 0. (1.48) 

The complex (1.48) is acyclic and so the determinant D of its cohomology is canoni- 
cally isomorphic to C. The components of (1.48) are equiped with the natural Hilbert 
structures (because they are the spaces of harmonic forms on the interval / C M with 
the standart metric). Hence, there is the induced norm on D = C We have to 
prove that ||l|||, = lforleC = D. This equality is equavalent to the assertion that 
co{dI) is equal to one. 
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The norm of the element a ■ 1 G DB?{I) is equal to 1. (It is a harmonic form 
and it represents an element from H^{I)). Its image in H^{dl) is as follows: 

. [0] + . [a] e H\dl) = H\0 U a). 

The norm of the element a^^/^ ■ dx E DR^{I,dI) is equal to 1 in H^(I,dI) and an 
element — a^/^ ■ [0] is mapped by the differential of the exact sequence (1-48) to the 
harmonic form a~^^'^dx G H^{I,dI). (The arrows in (1.48) are of the topological 
nature. So the latter statement is obtained using 



a 



1/2= / a-'/Ux=(a-'/^dx,{I,dI) 

J[0,a] ^ 

where (/, dl) is the fundamental class of Hi{I, dl).) 

The corresponding volume element a~-^/2[0] + a~-'^/2[a]^ A (— ^"'^/^[O]^ = [0] A [a] 
in det H^{dl) is an element with the norm one. Hence, Co(i9/) = 1. The equality 
Co (NjQn) = 1 (for a union of some connected components of dMi) follows from 
the equality Co(9/) = 1 and from (1.45). The lemma is proved. □ 

Let M = Ml Uiv M2 be obtained by gluing Mi and M2 along (as in Theorem 
nf) , and let X be a smooth triangulation of M such that Mk and N are invariant 



under X. Namely X = Xi Uw ^2, where Xk is a smooth triangulation of a manifold 
Mk with a smooth boundary dMk = NU (dM n M^) . (Here C M is a smooth 
closed manifold of codimension one in M such that N divides M in two pieces Mi 
and M2 as in Theorem O, n = 0, and := X n = n N .) 



Let Z be a union of the connected components of dM, where the Dirichlet boundary 
conditions are given. Set V := X r\ ■= dMk fl Z, Vk := Xk fl Zk. The exact 

sequence of cochain complexes 

^ ®k=i,2C'{Xk, WUVk)^ C'{X, V) ^ C'{W) ^ (1.49) 

(where the left arrow is the natural inclusion and the right arrow is the geometrical 
restriction of cochains) provides us with the identification 

^c- det H'{X, V) ^ det H'{Xi, WUVi)® det H'{X2, U I/2) ® det H'{W). 

By the definition of the combinatorial torsion norm on the determinant line (de- 
termined by the prefered basises of the basic cochains) the following statement holds. 



Proposition 1.3. Under the conditions above, the combinatorial torsion norms are 
equal: 

ifMX, V) = ro(Xi, WUVi)® To{X2, WUV2)® to{W). (1.50) 
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This combinatorial equality is analogous to the gluing formula of Theorem LI. But 
it is necessary to note as follows. 

Remark 1.4. The formulas (1.50) and (1.8) correspond to the different identifications 
ifc and (fan = fTi between one pair of the canonically identified^ one-dimensional 
spaces 

det H'{X, V) = det H'{M, Z), 
and the triple tensor products of three other pairs of the canonically identified spaces 

det H'{Xk, WUVk) = det H'{Mk, NUZk), det H'{W) = det H'{N). 

(Note that ipc is defined by the exact sequence (1.49), where the right arrow i*j^ is the 
restriction of the cochains. However, in the exact sequence (1.10), which defines cpan, 
the right arrow is equal to y/2i% for the common geometrical restriction to of 
pairs uj = {uji,uj2) of smooth differential forms uj^ on Mk such that i% = i^g'^a-) 
Let X be a smooth triangulation of a compact manifold with boundary (M, dM). 
Let Z and Y be disjoint unions of some connected components of dM such that 
Z n F = 0. Let V = X n Z , F = X nY . Then the exact sequence 

^ C*{X, VUF)^ C*{X, V) C'{F) 

(where the left arrow is the natural inclusion of cochains and the right arrow is the 
restriction of cochains) defines the identification 

: det H*{X, V) t: det H'{X, V U F) ® det H'{F). 

The following assertion is an immediate consequence of the definition of the com- 
binatorial torsion norm. 

Proposition 1.4. The combinatorial torsion norm of {X,V) is equal to the tensor 
product of the following combinatorial torsion norms: 

<fMX, V) = ro(X, VUF)^ To{F). 



This combinatorial equality is similar to the gluing formula of Theorem L2 . 

Let e(M, Z) be the logarithm of the ratio between the analytic and the combina- 
torial torsion norms: 

e(M, Z) := log2 (To(M, Z)/ro{X, V)) 

(where To{M, Z)/to{X,V) := \\mTo{M z) /W^Wroix v) arbitrary nonzero element 

/ of the determinant hue det H'{M, Z) = det H'{X, V)). 



®The cohomology are identified according to the de Rham theorem by the integration over the 
simplexes of X of the corresponding differential forms. The spa ces of harmonic forms Ker A,(Af, Z) 
and Ker A, (Mi^i, Z) are canonically identified by Proposition 



1.1 
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Remark 1.5. It is proved above that e{M,dM) does not depend on a metric qm, if 
(7m is a direct product metric near dM. 

Lemma 1.3. 1. Let {S,gs) be a closed Riemannian manifold. Then the following 
identity holds, if QmxS is a direct product metric near d{M x S) = dM x S : 

e(M X S,Zx S)= x{M, Z)e{S) + e(M, Z)x{S) (1.51) 

(x{M,Z) is the relative Euler characteristic of M modulo Z C dM). 
2. Let Y he a union of some connected components of dM \ Z . Then 

e{M,Z) = e{M,Y U Z) + e{Y). (1.52) 



Proof. The equahty (1.52) follows from Theorem |1.2| and from Proposition p. .41 . (In 



this case, (fc = ^an-) The equality (1.51) follows from Proposition |1.2| and from 
the multiplicative property of the combinatorial torsion norms. Namely let K be 
a smooth triangulation of S and let V = X (1 Z. Then the identification of the 
determinants of the cohomology defined by (1.33) and (1-34) is an isometry of the 
combinatorial torsion norms: 

To{X X K,V X K) = To{X, K)'^(^) ® ro(ir)^(^'^\ 

The same identification of the cohomology is the isometry (1.35) of the analytic 
torsion norms, if the metric Qmxs is a direct product metric near d{M x S). Hence, 
the identity (1.51) holds for such metrics Qmxs- D 



Remark 1.6. It follows from (1.52) and from Remark |1.5| that e(M, Z) does not de- 
pend on Qm for any union Z of the connected components of dM (in particular for 
Z = 0). 

1.4. Generalized Ray-Singer conjecture. 

1.4.1. Properties of the ratio of the analytic and the combinatorial torsion norms. 
Lemma |1.2| claims that Theorem |1.1| follows from (1.12) with cq independent of v. So 
it is enough to prove that the norm </?""To (Mj,, Z) is independent of G \ (0, 0) 
(under the same conditions on M, gu^ N, and Z as in (1.12) and in Lemma [L^). The 
latter assertion is proved in Section ^. In the remaining part of Section |l| we prove a 
generalization of the Ray-Singer conjecture for manifolds with boundary (and with 
the transmission condition (1.13) on the interior boundary) using the gluing formula 
of Theorem p..l| . This formula has the following consequence. 
Let M = Ml Ujv Ma be obtained by gluing Mi and Ms along N. 

Lemma 1.4. Under the conditions of Lemma |1.2| , on {gM,N,Z) the following holds: 

e(M, Z) = e(Mi, Z^UN) + e(M2, U A^) + e{N) - x{N). 
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Proof. This identity is an immediate consequence of Theorem LI and of the following 
commutative diagram: 



det H'{M,Z) 



\R 



detH'{X, V) 



Id, 



det C*{X, V) 



Det(X, V, W) 



Id, 



A" 



Det(M, Z, N) 



R 



Det(X, 



TietC'{X,V,W) ^ TietC'{X,V,W) 



;i.53) 



Here 



A 



Det(M, Z, N) 
T>et{X,V,W) 
T>etC*{X,V,W) 

idvF G Aut 



fe=i,2 det H' {Mk,NU Zk)) ® det H'{N) , 
fc=i,2 det H' (Xfc, W U Vfc)) ® det //'(ly), 
fc=i,2 det C {Xk, W U Vfc)) ® det ^'(1^), 



id 



X 



;i.54) 



)fc=i,2C" (Xfc, U Vk)) © Aut C"(l^), 

is the induced by Aw operator on the determinant of the cohomology, 
R is the identification induced by the integration of differential forms over the sim- 
plexes of X (by the de Rham theorem), 

(fc and (pan are the identifications induced by (1.49) and by (1.10) in a view of Propo- 
sition p^] . 

The commutativity of (1.53) follows from the commutativity of the diagram 



^ ®k=i,2 DR' (Mfc, NUZk) DR" (Mi,i, Z) DR'{N) 

0-.©,=i,2 C'{Xk,WUV,) C'{X,V) %C'{W)-^ C'{W) ^0 

The induced action of ^2 id on Iw e det C'{W) is Iw ^ (where 
xiW) = x(A^) is the Euler characteristic). So the induced action of Aw and of A^ 
on / e Det(M, Z, A^) = {^k=i,2 det C* (X^, U 14)) ® det C'{W) is 

/ ^ (1.55) 

(The identification of the determinant lines is defined by R and by dc in the right 
column of (1.53).) 

For an arbitrary nonzero m G Det(M, Z, X) the following equality is deduced from 
(1.55) and from the commutativity of (1.53): 

ifanToiM, Z)) (m) = 2->^(^) M{M, Z)) (m). (1.56) 
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Theorem LI and Proposition |L3| claim that 

^anTo{M, Z) = To (Ml, NUZi)® To (M2, N U Z^) ® To{N), 

ifMx, V) = To (Xi, wuv,)® To (X2, wuV2)^ To{w). ^ ■ ' 

The isometries (1.56) and (1.57) involve the equality 
e(M, Z) = log, (To(M, Z)/to{X, V)) = 

= -X{N) + I E log2 (^0 (Mfc, N U Z,) /to (Xfc, U V^)) ] +log2 (To(iV)/ro(W^)) . 

\A;=1,2 / 

Thus the lemma is proved. □ 

Let u = {a, (3) G \ (0,0) and let {C {X^,V) ,dc) be the complex of pairs 
of cochains (ci,C2), Ck G C {Xk,Vk), with the //-transmission boundary condition 
(similar to (1.13)) on PL C dX^ between their geometrical restrictions 

ai*w,iCi = l3i*w,2C2- (1.58) 

The integration over the simplexes provides us with a quasi-isomorphism of the 
complexes: 

■ {DR' (M„ Z),d)^ {C (X,, V) , 4) 

(i.e., Ry induces an isomorphism between the corresponding cohomology). 

The morphism of complexes r^^c '■ (C** {X,^, V) , d^) C* (PL, dc) is defined by anal- 
ogy with the definition of r,j. Its value on each element (ci, c,) € C* {Xy, V) is 

rv,c (ci, C2) = (a^ + /3^)"-^/^ (/^^H'.iCi + ^^^,2^2) • 
The vertical arrows in the following diagram of complexes are quasi-isomorphisms^ 

0^©fe=i,2 DR* {Mk,NU Zk) DR*{My,Z) ^ DR'{N) -^0 

[r [r. [r (1.59) 

0^©fc=i,2 C'{Xk,WUVk) ^ C'{X,,V) ^ C'{W) ->0 

This diagram is commutative. The left horisontal arrows in it are the natural inclu- 
sions. Let (fil be the identification 

ifl: detH'{C{Xy,V)) = detH'{My,Z)-^'Det{M,Z,N), (1.60) 
defined by the bottom row of this diagram. 



Ri, is a quasi-isomorphism according to Proposition 2.3 
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Remark 1.7. The equahty 

vl = (1-61) 

foUows from the commutativity of (1.59). But ipl^ ^ ipc (in contrast with the identity 
ipi^i = (fian)- According to (1.56) it holds that 



The space C^{Xy, V) is a subspace of (Bk=i,2C^ (X^, V^). The Hilbert structure on 
(Xfc, Vk) is defined by the orthonormal basises of cochains {Sg} (parametrized by 
j-dimcnsional simplcxcs e of Xk\Vk). So the Hilbert structures on C {X^,, V) and on 
detC* {Xy, V) are defined. The scalar combinatorial torsion is defined as in (1.1): 

T {C- (X,, V) , 4) := exp (-'^Y jdsC-As)U , 

where Cj>(*) '■— Tr' {{^'j,'^) ) S'A"'' over all the nonzero eigenvalues A 

of the finite-dimensional operator ^ — {d*dc + dcd*\C^ {X,^, V)) (with their multi- 
plicities), d* is adjoint to dc in {Xi,,V) with respect to the Hilbert structure in 

C (X,,\/). 

The combinatorial torsion is the following norm on deti?* (C (Xj,, V)Y^: 

To{Xy,Z) := |Mldeti/'(C(x.,y)) ■ T {C (X^^V) ^d^) , (1.62) 

where the norm on detif* (C (Xj^,y)) is defined by the Hilbert structures on the 
subquotions (C {X^, V)) of the Hilbert spaces & {X^, V). 

Remark 1.8. For each u = (a, /3) e \ (0, 0) the combinatorial torsion tq {X^, V) is 
an invariant of the combinatorial structure defined by a smooth triangulation of the 
triplet [{M,dM)] Z] N], where M is a manifold with a smooth boundary dM, Z is 
a union of some connected components of dM, and is a smooth codimension one 
closed submanifold of M with a trivial normal bundle (TM|jv) /TN. 

Proposition 1.5. The combinatorial torsion norm Tq {X^, Z) is isometric under the 
identification (1.60) to the tensor product of the combinatorial torsion norms: 

iplro {X,, V) = To (Xi, WUVi)® To {X^, 1^ U ^2) ® ro{W). 



It is isomorphic to detH* (M^, Z) under the quasi-isomorphism R^. 
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Proof. Under the identification (1.60), the Hilbert space C* {X^, V) is isometric to 
the tensor product of the Hilbert spaces on det C* (X^, W U Vk) (for k = 1,2) and 
on det C'{W). (The Hilbert structures on on C {X^, V), C {Xk, WUVk), and on 
C*{W) are defined above.) Indeed, let pu,c- C^{W) — > {X^^V) be linear maps 
defined for w e C^{W) by 

p^,cH = {a^ + P^y^^"^ {(3w,aw) e {X^,V) (1.63) 

Then r^^cPu,c = id on C*(W), p^^c is an isometry between C^{W) and Impj^^, and 
Im py^c is the orthogonal complement in C* {X^, V) to the image of the natural in- 
clusion i : ®k=i,2 C* (Xfc, W U Vk) ^ C* {Xy, V) (where j is an isometry onto Im j). 
So the identification is the isometry of the combinatorial torsion norms. □ 

The number e {M^, Z) G M is defined as the logarithm of the ratio between the 
analytic and the combinatorial torsion norms: 

e (M„ Z) := log2 (Tq (M,, Z) /tq (X,, V)) . 
Corollary 1.2. Under the conditions of Lemma |1.2|, the equality holds: 



e (M„ Z) = e (Ml, ZiUN) + e (M2, U X) + e{N), (1.64) 
where Z is a union of some connected components of DM and Zk = Z r\ dMk- 

Corollary 1.3. e (M^, Z) is independent of u e^^\ (0, 0). 

Corollary 1.4. For an arbitrary v & (0,0) the equality holds: 

eiM,,Z)-e{M,Z) = x{N). (1.65) 



This equality follows from Lemma |1.4| and from (1.64). 



Remark 1.9. Even for u = (1,1) the number e{M,y,Z) differs from e{M,Z) in the 
case x{N) ^ 0. 
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1.4.2. Ratio of the analytic torsion norm and the combinatorial torsion norm for 
spheres and disks. Spherical Morse surgeries. The values of e(M) and e{M,dM), 
where M is a sphere S*" or a disk (with a direct product metric near dD'" = S"'~^) 



are deduced now from Lemma 1.4 



Lemma 1.5. 1. For all the spheres, 6(5*") is zero. 

2. For even- dimensional disks, e (D^") and e (D^", (9D^") are zero. 

3. For all odd- dimensional disks, e [D'^'"'^'^) and e [D'^'"'~^^, dD'^^^^) are equal to one. 

Proof. A closed interval is obtained by gluing two intervals = Upt in 
their common boundary point. Lemma |1.4| claims in this case that 

e (d^) = 2e [D\pt) + e{pt) - x{pt)- (1-66) 

Since e{j)t) = 0, we see that (1.52) involves the equalities 

e(^D^) =e[D\pt) =e(^D\dD^) . (1.67) 

Hence (1.66) involves e (D^) = x{pt) = 1- 

A circle is obtained by gluing two intervals, namely = Uaui . So, 
according to Lemma |1.4| and to (1.67), we have 

e (S^) = 2e [d^) + e (dD^) - x (dD^) = 0. (1.68) 

Suppose (by the induction hypothesis) that e{S^) = for m < n — 1. The sphere 
S"" (for n > 2) is the union (D"-i x S^) Us-^x^i (D^ x S""-^) = 5" Indeed, 5" = 
|(a;i, . . . , Xn+i) e ]R"+^ : J^x'j = 1^ the disk D'^ in D'^ x S*""^ in the decomposition 
above corresponds to {(xi,X2) : xf -\- xl < e} and 5""^ = {{xj) G S"", Xi = X2 = 0}. 
Lemma p..4| claims in this case that (since x (5*"^^ x S^) = 0) 

e (5") = e (D"-^ X S\ X S^)+e (d^ x S''-^ , x + e (S"-^ x S^) . 

The equalities below are deduced from the induction hypothesis, from Lemma L3 
((1.52), (1.51)), and from (1.68): 



e X S\ ^"-2 X 5^) = e (Z)"-i x 5^) - e (S"-^ x 

e (d^ X ^"-^ ^1 X = e (d' X - e (5^ X S"" 

e (5^ X =0, e (z^"-i X S^) = 0, 



;i.69) 



Hence the combinatorial torsion norm is equal to the analytic torsion norm for all 
odd- dimensional spheres 5*^™"*"^: 
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It follows from Lemma L3 and from (1.68) that e (-D^) = e (D^, dD^). It is deduced 
from Lemma |L4| and from (L68) that 6(5*^) = 2e{D'^). According to (1.69) the 



equality e (S*^™) = for all even- dimensional spheres is a consequence of the equality 
e(52) = 0. 

Let (M, qm) be any closed Riemannian manifold of even dimension 2n. Then the 
scalar analytic torsion T{M,gM) is equal to 1. (This equality was proved in |[RS|| , 
Theorem 2.1, with the help of the equality 

^(-l)^jm(A,j) = 0, 

where A is an arbitrary nonzero eigenvalue of on DW{M) and m{\,j) is its 
multiplicity. The latter assertion follows from the symmetry relation m{X,j) = 
m{X,2n — j), which is obtained applying the operator * for a Riemannian metric 
Qm to the A-eigenforms for Aj.) So (in particular) the torsion norm Tq (S"^) is equal 
to IMIdet_H'*(52)' where the norm on H* (5*^) is the norm defined by g^j on the harmonic 
forms Ker A*. (The unduced norm |MldetH*(52) does not depend on the metric gs^, 
as it follows from the invariance of Tq {M,gM) with respect to gju, proved above.) 

Let f be a volume of S"^ relative to a Riemannian metric gs^- Then the element 
h G det H' {S"^) defined below is of the norm 1: 

h = {v-'/' ■ is^y ® {v-'/\*is^)y' , ii/^iiL/..(5^) = 1 

(here 152 is the constant 1 G DR^ {S^) and *ls2 is the 5f52-volume form). 

The sphere S"^ has a cell decomposition^^ Xs^ . X := D'^UQ£,2pt. Hence the element 
hf. G det C* {Xs^) defined below is of the norm 1: 



1. 



(For this cell-decomposition dc = 0, and so detC* {Xs'^) is the same as det if* (S*^) 
without the rfc-identification. The cochains 6pt, 61)2 are the basic elements in (5"^), 

The integration homomorphism R: DR* (5^) —>■ C* (X52) maps I52 to 5pt and ^152 
to V ■ 6d2. So R{h) = he and we have 

e (52) =0, e (52"^) = 0. (1.71) 



^^This Ciy-complex (cell stratification) has a subdivision which is a C^-triangulation of S"^. So as 
the combinatorial torsion is defined also for CM^-complexes and as it is invariant under subdivisions, 
T (S"^) can be computed from this cell stratification (|Mi], Sections 7, 8, 12.3). 
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The equalities below follow from Lemmas O, O, and from (1.70), (1-71): 

= e (5") = 2e + e (5""^) - x ('5""') , 

e (D", = e (D") - e (S""^) = e , 



-<71— 1 



Lemma p. .51 is proved. □ 

The equality e x ^'^) = e x 5 x ^")) holds by Lemmas [0| 

and pT5[ 

Corollary 1.5. For arbitrary n, m > the equality holds: 

e X 5") = e (5™ X . (L72) 



(According to Lemma |1.5| , each side of (1.72) is equal to 2 in the case of a pair of 
even numbers (m, n) and it is equal to zero for other pairs (m, n).) 

Let M be a compact manifold with a smooth boundary dM and let Z be a union 
of some connected components of dM. Let M be obtained by some spherical Morse 
surgery (with a trivial normal bundle) of M (i.e., there exists a manifold (Mi, c^Mi) C 
M\dM, Mi^ D™+ix5", m+n+1 = dimM, with dMy = S'^xS'', M = M1U9MM2, 
such that M = Ml U^^g^ M2 is obtained by gluing Mi = 5"" x and M2 by a 

diffeomorphism /: dMi 7:^ 9M2). 

Let the metrics qm and S'^ be direct product metrics near dM and dM. (It is 
proved above that the numbers e(M, Z) and e (^M, do not depend on the metrics 
dM, Qj^j supposed to be direct product metrics near dM and near dM.) 

Lemma 1.6. The number e(M, Z) is invariant under the spherical Morse surgeries 
with a trivial normal bundle, i.e., the equality holds 

e{M,Z)=e(M,z). (1.73) 



Proof. The metrics qm and g^^ can be replaced by Riemannian metrics on M and M 

which are_^direct product metrics on dMi x I and dMi x / near dMjjZ M and near 
dMi C M (and which are direct product metrics near dM and dM). Lemma 
claims in this case that 

e(M, Z)=e (Ml, ^Mi) + e (M2, dMi U Z) + e (dMi) - x (dMi) , 
e(M, Z)=e (Mi, ^Mi) + e (M2, ^Mi U z) + e (^Mi) - x {dMi^ ^^'^^^ 
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The smooth closed manifolds dMi and dMi are diffeomorphic. Hence 
e (9Mi) = e (dMi) , x (dMi) = x {dMi) , e (M2, dMi U Z) = e (M2, dMi U z) . 

Corollary ^ and Lemmas and |r| claim that e (Mi, dMi) = e (Mi, (9Mi). So 
the equality (1.73) follows from (1.74). □ 

1.4.3. Proof of the generalized Ray-Singer conjecture. 

Theorem 1.3 (Classical Ray-Singer conjecture). For any closed Riemannian 
manifold (M, qm) its analytic torsion norm is equal to the combinatorial torsion norm 

To{M)=To{M). 



Proof. There is a smooth Morse function / on a direct product M x I (i.e., a 
function with the nondegenerate isolated critical points with different critical values) 
such that the following holds. Its minimum value is equal to zero, /~^(0) = M x dl, 
and the zero is not a critical value of /. Its maximum value max^x/ / equals 1 and 
the maximum value level is the only one point. Namely /~^(1) is an interior point of 
M X {I,dl). 

As /~"^(1 — s) (where £ > is very small) is a sphere {n = dimM), there 
exists a sequence of spherical Morse surgeries (given by transformations of levels 
f^^{x), X G (0, 1 — e) for x divided by critical values) such that their composition is 
a transformation of a manifold^^ M U M = M x dl = f'^{0) into S'" = /"^(l - e). 

Aa a consequence of Lemma |1.6| in this case we get 



2e(M) = e(M U M) = e (5") 



Lemma [L^ claims that = 6(5"") = e(M). Thus, the Ray-Singer conjecture is 
proved. □ 

Let (M, qm) be a compact Riemannian manifold with a smooth boundary dM. Let 
Z he a union of some connected components of dM and let ^^a^ be a direct product 
metric near dM. The following two theorems are generalizations of the Ray-Singer 
conjecture. 

Theorem 1.4. Under the conditions above, the following equality holds for a mani- 
fold with a smooth boundary: 

To(M, Z) = 2^(^*^)/Vo(M, Z). (1.75) 



The manifold M is not supposed to be orientable. 
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Proof. Lemma |L| claims that e{M,Z) = e{M,dM) + e{dM \ Z). According to 
Theorem [L.3| , e{dM \ Z) is equal to zero. Hence e(M, Z) = e(M, dM). In the case 
of dM 7^ there is a mirror-symmetric closed Riemannian manifold P = M Usm M 
obtained by gluing two copies of (M, qm) along dM. According to Lemma |L^, we 
have 

e(P) = 2e(M, dM) + e{dM) - x{dM). 

Theorem claims that e{dM) = = e(P). Thus, we get 

e(M, Z) = e(M, dM) = 2-\{dM), 

which is equivalent to (1.75). □ 

Let {M,Z,gM) be as in Theorem O. Let be a codimension one in M two- 



sided in M closed submanifold N C M \ dM. Let M be obtained by gluing Mi and 
M2 along A^. Let (/m be a direct product metric near A^ and let the i/-transmission 
boundary conditions (1.13) be given on A^ (where u = {a,j3) G \ (0,0)). 

Theorem 1.5. The analytic torsion norm is expressed by the combinatorial torsion 
norm (in the case of the u -transmission interior boundary condition on N) as follows 



Proof. The equality (1.65) claims that e{M^, Z) = e(M, Z) +x{N). So the assertion 
of the theorem follows from Theorem |1.4| and from the equality (1.65). □ 



Remark 1.10. This proof of the generalizations of the Ray-Singer conjecture does not 
use any explicit expressions for the scalar analytic torsions of any special classes of 
manifolds. The proofs in [ [Mil If , [ph|| of the classical Ray-Singer conjecture essentially 
used the explicit expressions for the scalar analytic torsions for spheres and lens 
spaces. (The latter expressions were obtained by D.B. Ray in ||Ra|| . He computed 
there the scalar analytic torsion for lens spaces and spheres with homogeneous metrics 
by explicit calculations of the (^-functions for the corresponding Laplacians using 
Gegenbauer's polynomials.) The proof in | |Mul[| used the precise estimates of |DP ] 
for the eigenvalues of the corresponding combinatorial Laplacians. The proof of ||Ch | 
used the Lerch formula for the derivative at zero of the zeta-function of Riemann 
( [|WW1| , 13.21, 12.32). We don't use this formula. (Its new proof is obtained here.) 
Our proof of the generalized Ray-Singer formula is based on a gluing property for 
the analytic torsion norms. This property is proved here for a general gluing two 
Riemannian manifolds by a diffeomorphism of some connected components of their 
boundaries. It is proved without any computations of asymptotics of eigenvalues and 
eigenforms for the corresponding Laplacians. 
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2. Gluing formula for analytic torsion norms. Proof of Theorem 1.1 

2.1. Strategy of the proof. In Section |I] the generahzed Ray-Singer conjecture 
for a manifold with a smooth boundary is deduced from Theorem |1.1| . Namely it is 
deduced from the gluing formula 

ifauToiM, Z) = To (Ml, Z^UN)® % {M^, Z^U N) ® To(iV), (2.1) 

which holds under the conditions of Theorem |1.1| (where Zk '■= Z (1 dMk). The 
identification (fan in (2.1) is defined in (1.9) with the help of the exact sequence 
(1.10) of the de Rham complexes. It is proved in Lemma |T]^ that the equality (2.1) 
follows from the assertion that under the conditions of Theorem |0|, the induced 
analytic torsion norm^^ V^^"^o (Mu) does not depend on a parameter u of the interior 
boundary conditions. The latter statement means that the equality 

ifl^To {M,, Z) = coTo (Ml, Zi U iV) ® To (M2, Z2UN)® To(iV), (2.2) 

holds with a positive constant cq which is independent of z/ G \ (0, 0). (However, 
it is not supposed in Lemma |l]2| that cq is independent of M, N, qm, and Z.) 

The strategy of the proof of the equality (2.2) is as follows. First we prove that cq 
is constant on each of four connected components 

Uj CU := {(a, /3) G : a/3 7^ 0}. (2.3) 

Then it is enough to prove that Cq^u) is continuous as a function of z/ for z/ G 
\ (0, 0). These two assertions provide us with a proof of the equality (2.2). 
Let Uq E U and let a > be a number not belonging to the spectrum S^Uq) := 
Uj Spec Aj(My(,, (7m) C ]R+ of the Laplacians on DR' {M^,, Z). This spectrum is 
discrete according to Theorem p.l| . In particular, each its eigenvalue is of a finite 
multiplicity. Let W^a(z^) be a subspace of DK' {My, Z), spanned by all the eigenforms 
ujx for Ay^i := Ai{Mu,gM) with their eigenvalues X < a. Then dW^i^u) C PVj+^(z/). 
So iW*{h'),d) is a finite-dimensional subcomplex of {DR' {My,Z) ,d) equiped with 
the natural Hilbert structures on W'^u) ^ DR* {M^, Z) (defined by qm)- 

Let IMIdet induced norm on detPV*(z/). For p very close to it 



holds also that a ^ S{v) (Proposition |3]T|). By the definition of W'{v), its co- 



homology iWa{^)) canonically identified with the space of harmonic forms 
Ker Aj {My^gM)- The differential d in W*{y) induces the identification 

dw ■■ det W'{v) ^ det Ker A. (M^, qm) ■ (2.4) 



According to Lemma [TT] there is a canonical identification between the harmonic 
forms and the cohomology of the de Rham complex (the latter one is independent of 
9 m)- 

Ker A, (M,, qm) = {DR (M„ Z)) . (2.5) 



13 



The identification (ysJJ" is defined by the short exact sequence (1-14). 
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So there is the induced canonical identification of the determinant fines: 

det KerA, (M^, gu) = det H' (DR (M^, Z),d). (2.6) 

W'Wdet H'{Mv) ^ norm on det H* {M^, Z) := det H' {DR {M^,, Z) , d) induced 
by tfie identifications (2.5) and (2.6) from the Hilbert structure on the harmonic 
forms KerA, {M^, Qm)- (This structure is defined by the Riemannian metric Qm-) 
The identification (2.4) is not an isometry of the norms IMIdet_f/*(M^) ^"^^ IMIdetVK*(i^) 

m 1 1 2 

in generaL The norm IHIdctH*(A/ ) multiphed by an additional factor for the 

identification (2.4) to become an isometry. This factor is the scalar analytic torsion of 
a complex (W^*(i/), d), defined by the general formula (1.1). We can conclude that the 
analytic torsion norm Tq {Mi,, Z) on the determinant of H* [DR {My, Z)) is isometric 
(under the identifications (2.4) and (2.6)) to the norm 

To(M^,Z;a) := IMlLiy^'H ^xp (^(-l)^j<9,Ci.,i(s; a)|,=o) ' ^'^■'^^ 

The zeta-function Cj(s; a) is defined for Re s > (dim M)/2 by the series I]a>o 
where the sum is over all the eigenvalues A of Aj {{My,gM)) (including their multi- 
plicities), such that X > a. This ^-function can be continued meromorphically to the 
whole complex plane C and it is regular at zero. The latter assertion follows from 
Theorem |3.1| and from the equality (which is obvious for Re s > (dimM)/2): 

0<A<a 

(The series for Cj(s), Re s > (dimM)/2, is the sum over all the nonzero eigenvalues 
of Aj {My,gM) with their multiplicities, where A""* := exp(— slogA) and log A G M 
for A > 0). 

The identifications dy/ (2.4) and </9|^„ (the latter one is defined with the help of 
(1.14)) provide us (under the conditions of Lemma |1.2|) with the identification: 

ip^'J^ia) ■ det W'^v) ^ Det(M, N, Z) (2.9) 

(Det(M, A^, Z)^^ is defined in (1.9)). The assertion that Cq{v) is independent of v 
on each connected component Uj of U (2.3) is equivalent to the following one. The 
analytic torsion norm Tq (M,^, Z; a) is transformed (under the identification (2.9)) 
into the norm on Det(M, N, Z): 

ipT{a)oTo{My, Z; a) = co(z/)To(Mi, Z, U iV)®To(M2, Z2 U N)®To{N), (2.10) 
where Co(z/) is constant on each connected component Uj. 



^^To remind, Z is the union of the connected components of 9M, where the Dirichlet boundary 
conditions are given. The Neumann boundary conditions are given on DM \ Z . 
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The action of v^a„(a) is as follows (by its definition): 

(/?^„(a)To (M^, Z;a)=T (M^, Z; a) (/?^„(a) o IHId^tiy-H ' 
where the scalar analytic torsion T {M^, Z; a) is defined as the scalar factor in (2.7): 
T{M,,Z;a) := exp (^(-1) a)|s=o) • (2.11) 



Let 2^(7), 7 G {e,e) C M, be a smooth curve in U (2.3) and let z/(0) = z/q. Let 
Hji^i'o; a) be an ortogonal projection operator from {DW {M))^ onto Wlivo) (relative 
to the natural Hilbert structure (1.23) in {DW {M))^)- Let pi be a linear operator 
in {DR*{M))^, mapping {ijJi,uj2) G {DR*{M))^ to (a;i,0). (Respectively p2 maps 
(u;i,u;2) to (0,u;2)-) 

Let z/ and i/q be arbitrary points from U . Then the following isomorphism of the 
de Rham complexes is defined (where k^, := a/ (3 for v = {a, (3) G U): 

v, = v,,,: DR'{M,„Z)^ DR'{M,,Z), v,{u^,U2):={uji,{K/K,)-uJ2) . (2.12) 

Thus the induced isomorphism is defined: 

V,, : H' {DR (M,„, Z)) H' {DR {M„ Z)) . 

Let a be a positive number from IR+ \5'(z^o)- Then for v very close to z/q the number 
a is also from R+ \ S{u) (Proposition |3TT| ). The complexes W'iv) and W'^vq) are 
isomorphic as abstract finite-dimensional complexes (and (2.12) provides us with a 
natural but not canonical isomorphism of these complexes). We have to compute 
the action of on the norms IHI(jetvF*(v) ^'^^ ^ very close to z/o- However |Hliy«(^) 
are the norms on different complexes, ^o it is necessary to define some isomorphism 
between W'^pq) and W*{i') and then to compute its action on |Hldetvy(i/o) ^'^'^ 
the space Det(M, N, Z). The choice (2.13) of such an identification is done below. 

For z/ very close to z/q the subspaces W'iv) and W'^vq) are very close in the L2- 



completion {DR'{M))^ of DR' (M^, Z) =: DR*{i^), according to Proposition g]T| So 
the following isomorphism of these finite-dimensional complexes is well-defined: 

= n*(z/; a) ■ v^^^ ■ j^^: 



W:{uo)-^{DR'{uo),d) >{DR'{u),d) > {W:{u),d), (2.13) 

where j^o is the natural inclusion of W*{h'o) and 11* (z/; a) is the orthogonal projection 
operator onto W*{h'). Its action on the norm lHldetvi/*(i/o) computed by the following 
lemma. 

Lemma 2.1. Let I be an arbitrary nonzero element o/det W'luo). Then the equality 
holds for any smooth variation z/(7) of uq = z/(0).' 

d^\og\\gJ\\l,^.J^ = -2d,\og{kJ (E(-iy Tr {p^W {i^^, a))) . (2.14) 
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In (2.14) the rank (i.e., the dimension of the image) of the operator p2ll^{i'o'i c^) is 
less or equal to dimiy*(z/o). This operator acts in {DR*[M))^. 

Then the following lemma provides us with the variation formula for T (Mj^, Z\ a). 

Lemma 2.2. For 7 = the equality holds: 

d^\ogT{M,,Z-a) = 2d^\og{K) V(-l)^6i,,- (M,„, a) , 

7=U — 

where := a/P for v = (a,/5) G U. Here bij{M^f^, Z; a) is a constant coefficient 
(i.e., t^-coefficient qo) in the asymptotic expansion as t +0 of the trace of the 
operator below (acting in {DR^M))^): 

Tr (pi {exp {-tK,,,) (l - ff>o; a)) }) ~ g-^t""/' + + . . . + got° + • • • 

(2.15) 



Remark 2.1. The operators exp (— tAj^^ j) and iP^UQ^a) acting in the L2-completion 
{DW{M))^ of DW (M^o^Z) (which coincides with the Ls-completion of DW{M)) 
have their images in the domain of definition of the Laplacian D{A^^^j) cDR^lM^^^, Z). 
The existence of the asymptotic expansion (2.15) follows from Theorem |3.2| . The co- 
efficients qm with m < — 1 in (2.15) are independent of a. The coefficients qm of the 
asymptotic expansion for Tr(^pi exp(— tA,^(, j)^ are equal to the sums of the integrals 
over Ml and over dMi D N of the locally defined densities on Mi and on dMi (by 
Theorem p.2|) . However, in the general case we cannot represent Tr {piWIuq; a)) as 
an integral of a locally defined density (because there are no universal local formu- 
las for the eigenforms uj\ of A^,g .,). Hence there is no universal local formula for a 
coefficient go in (2.15) but there are such formulas for q^ = qm with m < 0. 

Corollary 2.1. For an arbitrary nonzero I G detVr*(z/o) the equality holds 

d^\og\\gJ\\l^,,^^,^=2d,{logk.) \^^^{Y^i-iy{bi,iM,,,Z)-dimWl)) , (2.16) 

where bij (Mj^g, Z) is a constant coefficient (i.e., the t'^- coefficient) of the asymptotic 
expansion o/ Tr (pi exp (— tA,^„ j)) relative to t +0 and pi exp (— tA^g j) is the op- 
erator acting in {DR^{M))^. 

Remark 2.2. Note that in the right side of (2.16) there are the Euler characteristic 
x{M^,Z) := J2{~^y dimW^ and the alternating sum of the integrals bij {M^^^.Z) 
(over Ml and over dMi) of the locally defined densities (Remark |2.1| ). (Here Z is the 
union of the connected components of 9M, where the Dirichlet boundary conditions 
are given). The number x i^u, Z) is also equal to the sum of the integrals over M, 
N, and over dM of the locally defined densities. 



GENERALIZED RAY-SINGER CONJECTURE. I. A MANIFOLD WITH BOUNDARY 39 



Let z/(7) be a smooth variation of a point uq E U (2.3). Let /(7) G det W* (2^(7)) 
be a variation of an arbitrary nonzero element I G det W'^uq) such that <^"(ty)(a) 0/(7) 
is a fixed (nonzero) element of Det(M, A^, Z). Then the equality (2.10) (where the 
factor co(i^) is constant on each connected component of U (2.3)) is equivalent to the 
assertion that for any such a variation its analytic torsion norm is independent 
of 7: 



7=0 



0. 



(2.17) 



lTo(M^(^),Z;a) 

Corollary 171 provides us with the formula (2.16) for a variation of the analytic 
torsion norm \\gu{-y)mTo{M ^ ^ z-a) (where / G detW'^uo)). The assertion (2.17) is 
equivalent to the following identity: 

2 



To(M^(^),Z;a) 



7=0 



dy\og\\g^J\\' 



7=0 



(2.18) 



where / is an arbitrary nonzero element of Det(M, N, Z) (for instance, / = (/9°"(a)o/) 

and gu* = fl^ia) ° g,y° (v^^" (o)) is defined by the following commutative diagram, 
where u E U is very close to Uq: 

Det(M,iV,Z) 



'Pi" (a) 1 1 



Det(M, iV, Z) 



The norm on the right in the equality (2.18) is an arbitrary Hilbert norm in one- 
dimensional space Det(M, Z). The value of the expression on the right in (2.18) 
is independent of such a norm. 

The action of the isomorphism = guug- W'i^o) ~^ ^'i^) Det(M, A^, Z) is 
described by the following lemma. 

Lemma 2.3. For an arbitrary element f G Det(M, A^, Z) the equality holds: 

d, log Wg^jf 1^^^ = -2d, (log K) 1^^^ E(-l)'^2,, (M.„, Z) , (2.19) 

where 62,^ {M^g, Z) is the constant coefficient (i.e., the t'^ -coefficient) in the asymptotic 
expansion (relative to t ^ +0) for the trace of the operator p2exp {—tA^gj) acting 
m {DR^{M))^. 

Here p2 is the operator P2: {uji,uj2) (0,c<j2) for ook € (^DR (^M^^^^. 
Remark 2.3. Note that Trexp (— tA^^yj) = J2j Tr {pj exp {—tAu^j)). So we have 
- E(-iy&2,, (M,„ Z) = j:i-iyh, (M,„, Z) - X (M.0, Z) . 
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Hence the equality (2.18) follows from (2.16) and (2.19). 



Thus Lemmas p.l| - p.3| provide us with a proof of the assertion that the factor co{iy) 
is independent of z/ on each connected component Uj of U (2.3). 

2.2. Continuity of the analytic torsion norms. To prove that co(z/) is inde- 
pendent of 1/ G \ (0,0), it is enough^^ to show that the norm ip^^ o Tq{M^) on 
Det(M, N, Z) is continuous in z/ G \ (0, 0). The following norms on Det(M, A^, Z) 
are the same for an arbitrary a > 0: 

<^r(«) ° T, (M„ Z- a) = ° ^0 (M„ Z) . (2.20) 

Let us prove the continuity of v^^^Tq (Mj,, Z) as a function of z/ at a point uq G 
\ (0, 0). (The series of lemmas above provides us with the proof of this assertion in 
the case when z/q G f/ (2.3). But now this will be proved at an arbitrary z/q G M^\(0, 0), 
for instance, at z/q G ]R^\(f/ U (0, 0)).) By (2.20), it is enough to obtain the continuity 
in z/ at z/ = z/q of the norm Lp'^{a) o To(Mj,; a) on Det(M, A^, Z) for a fixed a > 
such that a ^ ^(z/o) := Uj Spec (A,,^ j). Since a ^ 5'(z/o), we see that a ^ S'(z/) for z/ 



very close to z/q. (The latter assertion follows from Proposition 3J.. It claims that 
the resolvents G'(z/) := (A* — A)~^ for A ^ Spec(Ai,,) form a smooth in (A, z/) family 
of bounded operators in {DR'^M))^ and that Spec (A^,^,) is discrete. As G'(z^o) is 
bounded in {DR*{M))2, the operator G'*(z/) is also bounded for z/, close to z/q, and 
so a ^ Spec(Ai,^,) for such u.) The assertion below claims that the truncated scalar 
analytic torsion (2.11) is a locally continuous function. 

Proposition 2.1. The scalar analytic torsion T {M^y, Z; a) is continuous in v at z/q. 

Thus, the continuity of v^^^Tq [My^ Z) (as a function of z/) at z/q is equivalent to the 
condition that the norm on Det(M, A^, Z) 

^r(a)°IMIdetiy.H (2.21) 

is continuous in u at z/q. The continuity of the norm (2.21) is deduced from the 
following finite-dimensional algebraic lemma. Let 

/: iA',dA)^iV',dv) (2.22) 

be a quasi-isomorphism of finite complexes of finite-dimensional Hilbert spaces. Let 
/* : detH*{A) det H*{W) be the induced identification of the determinant lines. 
Let Tq{A*) and To{V*) be the analytic torsion norms (1.2) on the determinant lines 



^^The factor co(j^) is constant on each connected component Uj of U (2.3), and U is dense in 
K2\ (0,0). 

^^This truncated scalar analytic torsion is a continuous function on the set of e \ (0, 0) such 
that a ^ Ui Spec {A^^i). 
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identified by /, : det H'{A) = detH'{V). Let {Cone' f,d), Cone^ f = A^-^ © , be 
a simple complex, associated with the bicomplex (2.22): 

cicone: Cone^^Cone^+\ dcone{x,y) = {-dAX, fx + dyy) (2.23) 

(for (x, y) G A^^^QV^). Then Cone*/ is an acyclic finite complex of finite-dimensional 
Hilbert spaces (Cone-'/ is the direct sum of Hilbert spaces A^~^^ and V^), H*{Conef) = 
0. Hence det if*(Cone /) is canonically identified with C and the analytic torsion 
norm for Cone* / is a norm on C. The ratio Tq{V)/Tq{A) G M+ is defined as the 
ratio between the two norms on the one- dimensional spaces det H'{V) and det H*{A) 
identified by /=„. 

Lemma 2.4. Under the conditions above, the equality holds: 

\\nliCone'f)=To{V')/To{A'), (2.24) 

where the left side is the analytic torsion norm 0/ 1 G C = det H'{Cone /). 

Let a > be a number from IR+ \ S^uq). Then there exists an open neighborhood 
f/,,o(a) of Uq G U^o{(^) C R^\(0, 0) such that a ^ S{u) for u G U„^X(^) (Proposition [31]). 
The family of complexes (W'{h'),d) of Hilbert spaces is continuous on Uy^^{a) in the 
following sense. 

The operator n^(i^) := H-' (i^; a) is a finite rank projection operator in {DR'{M))2 
with its image Wliv): 

H{(z/): [dR^{M))^ Wl{v) C DR^ {M^,Z) C [dR^{M) 

Proposition 2.2. The family of operators H*(z/) is continuous in v for v G Uy^^ia) 
with respect to the operator norm in {DR'lM))^- The same is true for the families 



rfH*(z/): {DR'iM))^ ^ DR'+\A/Q C [DR'+\M) 
5H*(z/): {DR'iM))^ ^ DR-\My) C [dR-\M) 
These are the families of finite rank operators. 

Proof. It follows from Proposition that if a ^ 5'(z/o) then there exists an e > 
such that {a — e,a + e) n S{iy) = for z/ sufficiently close to uq. Hence {A: a — e < 
|A| < a + e} n S{h') = for such z/ (since S{h') C M+ U by Theorem |0|) . Thus, 
according to Proposition ^A\ , the operators 

n:(^) = f / Gi{u)dx 

form a smooth in v (for such v) family of finite rank operators in {DR'{M))2 (where 
the circle F = {A: |A| = a} is oriented opposite to the clockwise). The operators 
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rfn'(z/): {DR*{M))^ {DR'+^{M))^ form (for such z/) a smooth in z/ family of 
finite rank operators (according to Proposition |3.1| . □ 



Corollary 2.2. For v sufficiently dose to uq the family of operators n*(z/) identifies 
the graded linear spaces W'^uq) := Imn*(z/o) and W'^u). Such an identification 
nearly commutes with d in the following sense: 



(2.25) 



(for any w G W'^uq) ), where ciy, z/q) — +0 as p ^ uq. This identification also nearly 
commutes with 5: 



for w e W'{vq) (W'W^ is the L2-norm in {DR'{M))^). 

The estimate (2.25) follows from the continuity (in v) of the families dW^{v) and 
n*"'"^(z/) since the following operator norms tend to zero as z/ ^ z/q: 



\dlll{v) - dllliv,) 



-0, 



+0. 



Indeed, for an arbitrary w G W*{vq) we have dli'^w = dw. Hence the estimates 



U:-'\u)dw - dw < U:+\u)-U'+\uo 



IdwWo < 



< C 



nr^(^)-nr^(z.o) 



F 2 



are true because the differential d: W'^uq) W*~^^{h'o) of a finite complex of finite- 
dimensional spaces is bounded (with respect to the Hilbert norm induced from 
{DR-{M)),). 

For each z/ G \ (0, 0) the combinatorial cochain complex {C* (X^, V) , d) (with 
V := X n Z) is defined by the z/-transmission condition (1.58). A homomorphism of 
the integration of forms from W'lu) over the simplexes of X 



RM- {W:{u),d)^{C*{X,,V),d) 



(2.26) 



is also defined for all z/ G \ (0, 0). For every such v the following variant of the de 
Rham theorem holds. 



Proposition 2.3. Ry{a) is a quasi-isomorphism. 
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Proof. 1. Let R^: {DR'{M^, Z),d) -> {C'{X^,V),d) be the integration homomor- 
phism of pairs of forms [001,002) G DR*{My, Z) over the simplexes of Xj \ Vj. Then 
Ru is a quasi-isomorphism}'^ 

Indeed, in the commutative diagram (1.59) the left and the right vertical arrows 
are quasi-isomorphisms according to the de Rham theorem for a closed manifold 
and for manifolds Mi and M2 with smooth boundaries. (The proof of the latter one 
is given in [RE|, Proposition 4.2.) The cohomology exact sequences provide us with 
the commutative diagram 

^ H* {®k=i,2DR' (Mfc, N U Zk)) ^ H* {DR' (M,, Z)) > H* {DR'{N)) ^ 

[ R, i (R^)* [ R, 

^ H*{®k=i,2C'{Xk,WUVk)) H*{C'{X,,V)) H*{C'{W)) ^ 



(2.27) 

with the exact rows, where the vertical arrows R^, on the left and on the right are 
isomorphisms (according to the de Rham theorem) and where do = dc under the 
identifications -R*. Hence {Ru)^: is also an isomorphism. 

The exactness of the top row in (2.27) can be interpreted and proved as follows. 
The sheaf F* := DRl (z/ = (a, /?) e \ (0, 0)) of germs {ooi, 002) of pairs of C~-forms 
on Mj such that^^ ai^ooi = f3i20O2 (here i* are the geometrical restrictions from 



00 i 



Mj to N "-^ dMj) is a c-soft sheaf. (The latter notion means that the restriction 
r {M,Fi) r (^K^iJ^Fi^ is surjective for any compact ix'- K M, ||KS|| , Defini- 



tion 2.5.5.) The sheaf F^, is c-soft since appropriate smooth partitions of unity exist 
on M. The sequence of complexes of global sections 

^ r, (M \ iv, f;) ^ r (m, f;) ^ r (m, ^^..^^f;) o 



(here i^'- N M) has the terms which possess the following properties: 

1) t{m,f:) = dr- {M,,Z), 

2) Tc (M \ N, F') is a subcomplex of ®k=i,2DR' (M^, U Zk) and its natural inclu- 
sion is a quasi-isomorphism. Indeed, if a; G DR* (M^, N U Zk) is a closed form then 
00 = dv m a, neighborhood of in Mk (where f is a smooth form with the zero geo- 
metrical restriction to A^). So — d{ipv) = in some neighborhood of A^ in M^ {^p is 
an appropriate cutting function). We have Fc (M \ A^, F*) = T {M, j\j~^F'), where 



^^This assertion claims that the analogy of the classical de Rham theorem is true in the case of 
the z^-transmission interior boundary conditions. The classical de Rham theorem for smooth closed 



manifolds was proved in | dRl | (see also |dR4], Ch. IV, Ch. IV, § 29). The explicit isomorphism 



between the Cech cohomology for a good cover of a smooth closed M and the de Rham cohomology 



of M is defined with the help of the de Rham-Cech complex ( BT|, Ch. II, § 9) 



18 



It is supposed that ouj has the zero geometrical restriction to Zk (at the points x £ Zk C dMk)- 
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j : M \ N ^ M and j\ is the direct image with proper supports, j F* ~ DR*\m\n- 
The sheaf j\j~^F' is c-soft according to ||KS|| , Proposition 2.5.7. 

has a natural homomorphism := Vy o (z*, i*) onto DR'{N) 
(where r^, is defined in (1.15)) and is a quasi-isomorphism. In fact, if the form 
u = dt A uj\f{t) on I X N is closed then it is exact, because then d]<quj]s[{t) = and 
so u = d Jq ujN(T)dT. (Here t is the coordinate on / and t = is the equation of 
A^ = OxA^'-^/xA^, Og/ \ dL) Hence q^ is a quasi-isomorphism. (This asser- 
tion follows also from the Poincare lemma.) The sheaf iiy^^i]^^F* is c-soft by 
Proposition 2.5.7. 

For a compact manifold M the category of c-soft sheaves on M is injective with 
respect to the functor of global sections r(M; .) ( ||KS|| , Proposition 2.5.10). The 
complex F' is a c-coft resolvent of a constructible sheaf ([ [K|j|| , Chapter VIII) on 
M, which is isomorphic to Cm\n on M\N and to Cat on (where Cx is a constant 
sheaf on X), and the gluing map for is |z^|~^''^ (a, f3) : Cat ijlj^^MXN = C^^BCn 
(i.e., c —>■ (/5c, ac)). The complexes j\j~^F* and in^^i'mF' are c-soft resolvents 
of constructible sheaves jd^^C^ = j\CM\N and of i^^^i'^'Cy. (The latter one is 
isomorphic to iN,*'^N under r^.) So the exactness of the cohomology sequence in the 
top row of (2.27) follows from M, (2.6.33), Remark 2.6.10. 



2. The projection operator pn: DR'{My,Z) ^ {DR'{M))^ Ker (A*) pro- 
vides us with the isomorphism p-^* : H* {DR [M^, Z)) — >■ Ker (A*) (by Lemma |l.lj ). 
So the inclusion z^: (W*{h'),d) {DR* {M^, Z) ,d) is a quasi-isomorphism and 
(ia), : Ker (A') ^ H' {DR (M^, Z)) is equal to [pn*)"^ (since pnia = id on Ker (A')). 
From an obvious equality Ry{a) = Ryia it follows that Ry{a) is a quasi-isomorphism. 
□ 



Thus the assertion of Lemma can be applied to the bicomplex (2.26). The 
result is as follows. 

Corollary 2.3. The equality holds: 

To(C-(X.,y))/||l||?,^(c_.^^(^)) =To(iy:). (2.28) 



The identifications (p'^{a) (for an arbitrary a > 0) and are defined such that 
the following norms on Det(M, N, Z) are equal: 



y^rW ° IMIdetVK^.H = ^T^UWa). (2.29) 
Hence, as it follows from (2.28), (2.29), we have 

^7(a) o II ■ IIL„,,„, = «" ° r„ (c- (.Y„, V))) o (lUIlT' „„^.,^^^,„,„ . (2.30) 
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Proposition 2.4. The factor (||l|lTo(Cone*(R^(a)))) (2.30) is a continuous func- 
tion of u E f/yg (a) . 

Proof. The complex Cone* {R^{a)) is acyclic according to Proposition |2.3| . Its scalar 
analytic torsion 

l|l|lTo(Cone.(«.(a))) ■= ^ .E ("1 )^iC; (0) ^ (2.31) 

is defined as in (1.1) by the (^-functions of the "Laplacians" := did,, + d^rf* of 
the complex (Cone* {Ru{a)) , d^).^^ Since the complex Cone* {R^^a}) is acyclic we see 
that these Laplacians are positive definite. (So they have the zero kernels.) Their 
determinants det(A') are continuous positive functions of u on U^y^^a) (and so the 
expression on the right in (2.31) is a continuous function of e [/^^(a)). The latter 
statement is derived as follows. 



Proposition 2.5. Let m G Zi+ and m > mo := 1 + mm{k G Z+ : Ak > dimM}. 

Then there exists a positive constant C = C{M, N, Z, qm) independent o/ z/ G \ 
(0,0) (and of m also) such that the following estimate holds uniformly with respect 
to X e M1UM2: 



\uj{x)\'<CY.\\K 

i=0 



UJ 



for all UJ such that^^ 

UJ G L'i?*(M^, Z), UJ G 2^(A*), A^cj G D(A*) 



(2.32) 



,A>gD(A:). (2.33) 



(Here \uj{x)\^ is the norm at ts'T^M defined by qm and ||-||2 is the L2-norm in 
{DR'{M)),.) 



Corollary 2.4. If w & ^'i'^) then w G D{A^) for an arbitrary m G So the 
following estimate holds uniformly with respect to x & Mi U M2 and to G \ (0, 0) 

\w{x)f <Ci\\w\\l, (2.34) 

where Ci = Ci (M, A^, Z, gu) > 0. 

^^The spaces W*{iy') are equiped with the Hilbert structure from {{DR'{M))2 ,gM)- The spaces 
C (ATi,, V) C C*{Xi)(BC'{X2) are equiped with the Hilbert structure defined by the basic cochains 
in (BC'{Xk) and Cone*(i?i,) = W*~^{iy)(BC* (X^,, F) is the orthogonal direct sum of Hilbert spaces. 

20The domain of definition of I?(A') for A' is defined by (1.27) and (1.26). 
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The graded Hilbert space C*{Xi,^ V) is isomorphic to the direct sum 

C'{X,, V) = C* (X, Nxl^V)® C'{Nx), (2.35) 

where V -.^ X O Z, Nx := X ON, C* {X, Nx fl l^) is a graded hnear subspace of 
C* {Xi,, V) (with respect to the natural inclusion), and the inclusion j^, : C*{Nx) ^ 
C'{X^,V) C ®iC'{Xi) is defined as := {a"^ + (3"^)'^ {f3 id, a id). The space on 
the right in (2.35) is independent of u. Hence (2.35) provides us with the isometric 
identification of the graded Hilbert spaces 

p,:C'{X,„V)7:C'{X,,V). (2.36) 

Corollary 2.5. Let v e U^oi*^) sufficiently close to vq. Let W*{i') be identi- 
fied with W'{uo) by H*(z/): W'{uo) W'{u). Let C*(X^„,\/) be identified with 
C*{Xi,,V) by (2.36). Then the estimate (2.3A) involves that for such u the family 
of homomorphisms of the integration over the simplexes of X 

Rl{a): {WM,d)^{C\X,,V),d,) 

is a continuous in v family of quasi-isomorphisms between finite complexes of finite- 
dimensional Hilbert spaces. 

Let /i^: (F*(z/), (i^(z/)) {K*{i'),dx{i^)) be a family of homomorphisms between 
finite complexes of finite-dimensional Hilbert spaces. Let the trivialization of these 
two families of complexes be defined by the identifications of the graded linear spaces 

H,: F*(z/o) ^F*(z/), p,: K'{uo) ^ K'{u). 

Let these idetifications be chosen such that fi, becomes a continuous family of the 
homomorphisms 

{F\dF{v)) ^ {K%dK{i^)) 

between the continuous families of complexes with the fixed underlying graded linear 
spaces F* := F*{vq) and K* := K*{vq). Let the Hilbert structures on F^ and 
are continuous functions of v for all j. In this case, fy is called a continuous family. 
Then the following assertion is true. 

Proposition 2.6. Let fy be a continuous family. Then the determinants det(L*) of 
the Laplacians L* = d^d^ + d^d^ on (Cone* fu, d^) are continuous functions of v. 

Proof. The operator d* adjoint to the differential d^ of Cone* fv (relative to the 
Hilbert structure on Cone* fi, — F*~^®K*Y^ is defined on the whole finite-dimensional 
space Cone* fy. Since dy tends to dy^ (for instance, in the operator norm^^) as — > i^o 

^^Cone* / is the direct sum of Hilbert spaces F*+^ ® K' (with the Hilbert structures on 

and depending continuously on z/). 

^^As Cone* is a finite-dimensional space, the weak convergence of the operators acting in it is 
equivalent to the convergence with respect to the operator norm. 
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we see that c/* also tends to (i*^ . Thus L* L*^ as u ^ uq and det L* — > det L'^ 
(since the space Cone* fi, is finite-dimensional). □ 

Corollary 2.6. T/ie functions det (L*) 0/ z/ for f^ = Ry{a) are continuous and pos- 
itive. 

The positivity of det (L*) is equivalent to the acyclicity of {Cone' Ry{a),dy) (where 

dv := dcoiie{R^{a)))- 

Proposition ^]4| is proved. □ 



Remark 2.4. Propositions B?^, |2.5|, and Corollary ^.5| claim that under the identifica- 



tions (2.36) and n*(i/), the Hilbert structures on det Cone* {Ru{a)) and the differen- 
tials d„ in Cone* {R^{a)) are continuous in v aX vq. Hence the analytic torsion norms 
IMIro(Cone*(_R„(a))) C = dct //* (Coue (i?;^ (a) ) ) = detO are also continuous in z/ at 

Z/Q. 

According to (1.61) we have (p*^ = (f1, where <f1 is defined by the bottom row of 
the commutative diagram (1.59). So the continuity of the norm ipl"'{a) o |H|^etiy(i/) 
on Det(M, A^, Z) can be deduced from (2.30) and from the following lemma. 

Lemma 2.5. The norm v^^Tq {C {X^,, V)) on Det(M, A^, Z) does not depend on u E 

The continuity in z/ of the norm ipl^'To (M^, Z) on Det(M, A^, Z) follows from (2.20), 
(2.21), and from the continuity of the norm (^^""(a) o |HldetvK*(i/)- (The latter assertion 
is proved above.) The equality (1-12) holds with Co(z/) which is constant and posi- 
tive on each connected component Uj of U (2.3). Because the norm ip'^"'Tq{M^) on 
Det(M, A^, Z) is continuous in z/ e \ (0, 0), the equality (1.12) holds for all such u 
with Co independent of v. Theorem p. . 1| follows from (1.12) and from the assertion of 
Lemma 1.21 □ 



Remark 2.5. It is not important for the proofs of Theorem [1.1| and of (1.12) that the 
family of finite-dimensional complexes (C* (Xj,, V) , dc) in (2.30) is of a combinatorial 
nature. It is enough for the proof to have a family of finite-dimensional complexes 
{F',dp) which are defined locally in u (i.e., for z/ in a neighborhood of an arbitrary 
z^o G \ (0,0)) together with the data as follows. Continuous families of quasi- 
isomorphisms fu{a): {W*{i'),d) {F*,dp) and of Hilbert structures on F' are 
defined. A family {F',h^) may depend on a and on uq but it has to possess the 
property as follows. The norm y)"" o {fu{a)*)~'^ o To{F*,hi,) on Det(M, A^, Z) is 
continuous in z/ at uq. (Here /^(a),,,: det if*(My, Z) det H*{Fi,, dp) is the induced 
identification.) 

Proof of Lemma |2.5| . Let ipi, be the identification of the determinant lines defined 



by the bottom row of the commutative diagram (1.59): 

: det C*(X^, V) ^ (®fe=i,2 det C'{Xk, W U Vk)) ® det C'{W) =: DetC*(X, V, W) 
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(where V is the induced smooth triangulation Z fl X of Z C dM, Vk := V H dM^ 
and W := X n N = Nx)- The following diagram is commutative: 

detC'{X^,V) BeW{X,V,W) 

dc I '^'^ 1 ^ 

detH'{X,,V) Bet{X,V,W) (2.37) 

||r ||r 
det H*{M^,Z) Det(M,Z,Ar) 

(The determinant lines on the right in (2.37) are defined by (1.54). The identification 
dc on the right in (2.37) is a triple tensor product of the identifications induced by dc 
on C*{Xk, WU Vfc) and on C'(W). The identification R is defined by the integration 
over the simplexes of X.) The commutativity of the diagram (2.37) is equivalent 
to the definition (1.60) of ip^. Since the identification dc on the right in (2.37) is 
independent of u we see that the statement of Lemma p.5| is a consequence of the 
following proposition. 

Proposition 2.7. The identification ipu in (2.37) is an isometry between the combi- 

1 1 2 

natorial norm |Hldctc*(x„ v) ^'^^ triple tensor product of the combinatorial norms 
on det C (X^, W VJVk) \k = l,2) and on det C'{W). 

(The Hilbert structures on ®k=i,2C* (X^, V^) and on C*{W) are defined by the or- 
tho normal basis of the basic cochains.) 

Proof. Let p^^c - C*{W) C^{X^,V) be defined by (1.63). Then r^^cpu,c = id and 
Pi,^c is an isometry onto lm{p,^^c) (relative to the Hilbert structures, defined above). 
The subspace Im(p,^^c) is the orthogonal complement to Im j (©a:=i,2C* {^k, W U Vk)) 
in (X^, V) and j is an isometry onto Im j. (Here, r^^c and j are the same as in the 
bottom row of (1.59)).^^. 

Thus Lemma |2.5| is proved. □ 



2.2.1. Uniform Sobolev inequalities for u -transmission interior boundary conditions. 
Proof of Proposition |2.5| . Let / x X C M (where / = [—1, 1]) be a neighborhood of 
X = X X C M and let (/m be a direct product metric on J x X. Proposition p.5| is 
a consequence of the assertions as follows. 

Proposition 2.8. The inequality ( 2.32 ) holds uniformly with respect to v E M^\(0, 0) 
for alluj e DR*{M^) of the class (2.3?,) and such thatsupp uj C [-4/5,4/5]xX C M. 



23 



This proposition is essentially equivalent to Proposition 1.5, Section 1 
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Proposition 2.9. The inequality (2.32) holds for all uo G DR'{M, Z) such that 
supp w C M \ ([-1/3, 1/3] X iV) and such that^^ 

CUED (Am,z) ,AueD (Am,z) , • • • , ^""uj E D (Am,z) • (2.38) 



The last assertion is well known ( ||Ch|| , Section 5). 

Let / be a smooth function on M, < / < 1, / = 1 on [-1/2, 1/2] x and / = 
on M \ ([—3/4, 3/4] X A^). The 2m-Sobolev norm on the right in (2.32), defined as 



\UJ\ 



{2m) •" 



UJ 



k=0 



is equivalent uniformly in i/ G \ (0, 0) (i.e., with constants C3, C4 > independent 
of u and of a;) to the norm' 



25. 



\UJ\ 



(2m),/ 



ET=o KiM . + ((1 - M 



ll'^ll(2m) < ll^ll(2m),/ ^ ^4 ||u;||(2m) 



(2.39) 



It is enough to verify the upper estimate (with C4 independent of u) for fu. It is 
true for m = 1, since the estimate holds: 



|A.(/^)ll2<C: 



1 ■ 



|A„u;| 



duWl + \\6ij\\l) < 3/2C1 (llA^cj 



\UJ\ 



2 y ' 



where Ci depends on / but it is independent of v. Hence the following estimate holds 
for u; G -D (A^^ (with C2 independent of u and of uj)\ 



< Co- 



+ 



+ ... 



\LJ\ 



The upper estimate is done. Thus Proposition |2]^ follows from (2.39) and from 



Propositions |2.8| and 2.9 



Proof of Proposition |2.8| . The form on / x is the sum c^o + c<Ji, where 
LJi is an z-form in the direction of / (where / = [—1,1]). It is enough to prove 
the inequality (2.32) separately for uq and for ui. Let us prove it for ujq. For 
u = (a,/3) G \ (0,0) the Green function G(i^) for the Laplacian A^^/ on functions 



^^For u with supp uj C M \ N the conditions (2.33) and (2.38) are equivalent. The domain 
D{Am,z) of Am,z consists of smooth forms on M with the Dirichlet boundary conditions on Z 
and the Neumann ones on dM \ Z. 

^^The lower estimate with C3 in (2.39) is obvious. Note that supp((l — /)w) C M \ 
([—1/3,1/3] X N). Then the upper estimate with a constant C4 for ||(1 — /)w||(2m) ||^||(2m) 
is well known ( ||Ho[ , Appendix B and Proposition 20.1.11). 
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on I with the i/-transmission boundary condition at e / and the Dirichlet boundary 
conditions on 9/ = {—1, 1} is given by the kernel 

(Giii^))^,,^, = 9xux2 + ^2^p2 9-xi,x2 for Xi,X2 e Qi = [-1,0], 

iGlH)xi,X2 = 9xuX2 + Q,2 + ^2 9-xi,X2 for Xl,X2 eQ2 = [0, 1], (2.40) 

i^ii^))xux2 = Q,2^^'^^2 9xi,x2 for xi,X2 from different Qk- 

Here, gxi,x2 is the Green function for the Laplacian on functions on I with the Dirichlet 
boundary conditions on dl: 

_ Jc- (x2 + 1)(1 -xi), -l<a;2<xi<l, 

yc ■ [Xi + - X2), -1 < Xi < X2 < 1, 

where c 7^ is a constant. 

It follows from (2.40) and (2.41) that Giiv) has a continuous kernel on Q^^ x Q^^ 
and that it is estimated uniformly with respect to e \ (0, 0) and to xi,X2: 



sup 

X\,X2,l' 



{Gi{^))x,,x2 < ^2- (2.42) 



Since suppc^o C (/ \ dl) x N and since the Laplacian Aj, / has the zero kernel on 
functions with the Dirichlet boundary conditions on dl, we have 

= (idj mi{N)) uo + Gi{u) {{A,,i (g) A^) uo) , (2.43) 

where Gjsf is the Green function for A^ and where nQ(iV) is the orthogonal projection 
operator in {DR'lN))^ onto Ker A^. The operator on a closed Riemannian 
manifold {N,gN) has a square-integrable kernel (relative to the second argument) for 
777.2 > (77 — l)/4 (where 77 — 1 = dim A^) and it has a continuous on N x N kernel for 
7772 > (77 - l)/2. 

The following estimate holds uniformly with respect to e \ (0, 0) for any 
7772 £ 7772 > (77 — l)/4. Ftom (2.43), (2.42), and from the Cauchy inequality we 
have 

ko(a:)|' < C5 (||a;o|l2 + ll(A.,7 ® id)a;o||2 + ® II2) ■ (2-44) 

Indeed, the following two Banach norms on the finite-dimensional space Ker A^ 

l:=max\h{x)\^ and \\h\\lj^ 
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are equivalent. So we get (where x = {xi, xn) E I x N and / = [—1,1]): 



|((id,®n-(iV))a;o) ix)f < ||(n-(iVVo(xi,*) 



^ < C6 ||u;o(a;i,*)||2 7v, (2.45) 



\B 



\uJo{xi, *) ||2^^ < 2 sup iGj{u))^^^^,^ ■ II (A^,7(g)id) c^oIIs.m ^ 1| (A^,/(g)id)u;o||2 



(2.46) 



The following estimate is obtained by the similar method: 



\{{Gj{u)®G7) (A,,, ® A7)a;o) {xi^x^ f < 

<2clsup\\{G'SX,* 

yi 



2,N 



||(A,,,® A7)a;o| 



2,M ■ 



(2.47) 



Hence the estimate (2.44) holds for c^o (even without the first term on the right in 
(2.44)), as follows from (2.43), (2.45), (2.46), and (2.47). 

Since A^, = id/^Ajy + Ai^(/) eg) idAr and since and A^j are nonnegative self- 
adjoint operators, we have for m2 G Z+: 



||(A,,,®A^^)a7o|l2< 



A 



m2+l 



(2.48) 



The inequality (2.32) for ujq follows from (2.44) and (2.48). For uji the analogous 
to (2.43) equality holds: 



n^(/,) ® (id^ -n'-i(iv))) ^1 + ((id, -n^(/,)) ® n'-\N)) + 

nj(/,) ® Tll'\N)) + {Gi{v) ® G™^) (A,,, ® A™^cui) , (2.49) 



where nQ(/i,) is the projection operator of {DR^{I))^ onto the one-dimensional space 
c ■ dxi and G/(z/)i is the Green function for the Laplacian A^j on DR^{I^) (with 
the Dirichlet boundary conditions on dl = { — 1, 1} and with the i^-transmission 
boundary conditions at 0). The kernel Gi{h')i is continuous on x Q^.^ because it 
can be written in a form similar to (2.40). It is written through the Green function 
Qi of A/ on DB}{I) with the Dirichlet boundary conditions on dl where the kernel 
{9i)xx.x2 of 9i is continuous on / x /. Hence the second term on the right in (2.49) 
is estimated similarly to (2.45) and to (2.46). The kernel Ii\{Iy)x^,x2 is expressed in 
a form analogous to (2.40) through the kernel 2~^dxi ® dx2 on / x / (corresponding 
to Hq(/i 1)). So the kernel of Hj (Jj,) is continuous on Q^^ x Q^^, and it satisfies the 
estimate (2.42) (with the upper bound c). The first and the third terms in (2.49) are 
estimated as follows: 



UJi[Xi,XNj 



<2c2sup (G™^ 



N 



yi 



yi,* 



2 

2,N 



||(id®A^^)^i||^.^,, 



® H'-i(iV)) (x)|' < 2c2c6 llo^il 



2 

2,M ■ 



Hence the estimate (2.44) holds uniformly with respect to z/ G \ (0, 0) for any 
m G Z_|_, m > mo := 1 -|- mm{k G Z+, 4/c > n}. Thus Proposition ^]8] is proved. □ 
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2.3. Actions of the homomorphisms of identifications on the determinant. 
Proof of Lemma 2.3. The most simple method to compute the action of g^* on 
T)et{M, N, is to obtain the expression for the action of on the determi- 
nant line T)etC*{X,V,W) (1.54), induced by the identifications of the correspond- 
ing cochain complexes = f ^^^g : C*{X^f^,V) C*{Xi,,V) (where f^(ci,C2) := 
{ci, {ki,/k^f^)c2) for z/, z/q G U (2.3)), and then to use Proposition |2.10| below. The 
action of v^^ is defined by identifications ip,^ and ip^^, where ip^: det C"(X,^, V) ^ 
DetC"(X, V, W) are defined by the exact sequence in the bottom row of the diagram 
(1.59). The following diagram of the identifications is commutative: 

det C (X^, , V) det C'{X^,V) 

j:>eW{X,V,W) TietC*{X,V,W) . 



Proposition 2.10. Under the conditions of Lemma 2.3, the equality holds: 



gu* = (2.50) 



The proof of the equality (2.50) is done just after the end of the proof of Lemma 273. 



The expression for the action of f on the determinant line can be obtained as follows. 
Let u eU and let j be the natural inclusion j : ©^=1,2 C'{Xk,W ®Vk) — > C*{X^, V). 
Then acts on C"(Xi, lyuVi) as the identity operator and it acts on C*{X2, WUV2) 
as the operator {kt,/kuo)id. Proposition claims that the identification ip^, is an 
isometry between the combinatorial norm on detC'{Xy,V) and the triple tensor 
product of the combinatorial norms on the components of T)etC*{X,W,V). It is 
enough to compute the action of on the component det C*{W) of the tensor prod- 
uct BeW{X,W,V). The inclusion p^,^: C'{W) ^ C'{X^,V) (defined by (1.63)) is 
an isometry onto orthogonal complement to Imj and r^^cPu,c = id on C*{W). So the 
action of on this orthogonal complement (Im j)"*" (identified with C*{W) by r^^^c 
and by r^^c) can be expressed as the composition 

m e C-{W) ((/5o,ao)/v/a§ + /3o) m {{Po,MkJk,J) /v«f+^) m = 



l,k,)/Jl + kl]m—. Jl + kl Jl + kl]meC-iW). (2.51) 



26 



This action is multiplying by a nonzero factor. 
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(Here, the signs are written for positive f3 and /?o-^'') The expression for follows 
from (2.51) and from the assertion that t>^ acts on C* {X2,W U V2) as {k^/k^f^)id. 
Namely 

vtJ = (fc./fc.J-(^-^-^^) ((1 + kl) I (1 + O)"'^"^^'' /. (2.52) 
for / G DetC"(X, V, W). It follows from (2.52) that the equality holds (for / ^ 0): 

9^1ogl|t;:jf = -2x(M2,iVUZ2)9>g(M-2x(iV)(l + A;;')"'57MM-(2.53) 



Proposition |2.10| claims that the same identity holds also for the action of (7^* on 



Det(M, AT, Z). 

The right side in the formula (2.19) (i.e., in the assertion of Lemma |2.3| ) is de- 
fined in analytic terms while the right side in (2.53) is defined in topological terms. 
Each h2.j {M^Q,Z) on the right in (2.19) is the sum of integrals over M2 and over 
N of the locally defined densities, according to Theorem |3.2| . So it is enough to 
compute (in topological terms) the expression on the right in (2.19) in the case of a 
mirror-symmetric M = M2 Un M2 with a mirror-symmetric metric g^^ (which is a 
direct product metric near dM and near A^) and with mirror-symmetric boundary 
conditions on the connected components of dM. In this case, the expression in (2.19) 
is the same as for a general M (if the piece M2 of M, gMlxAh: and the boundary 
conditions on dM fl M2 are the same as in the mirror-symmetric case on each piece 
M2 of M). It is supposed from now on in the proof of Lemma p.3| that M and all 
the data on M are mirror-symmetric relative to A^. In this case the kernel E'^ylu) 
{u E M."^ \ (0,0)) of the operator exp (— tA*) with the Dirichlet boundary conditions 
on Z = Z2 U Z2 C dM and with the Neumann conditions on dM \ N is expressed 
through the fundamental solution E'^y for dt + A* on DR*{M,Z) (with the same 
boundary conditions on dM^^ as foUows^^: 

El,^yii.) = El.^^y+{{a' - P')/{a' + P'))ialE')t,.,y for x G M2,y E M2, (2.54) 

El,^y{u) = (2a(3/a' + [3^) El^^^ for x G Mi, y G M2. (2.55) 

Note that the kernel {Et + alEt)x,y ='■ E^^^ for x, y E M2 is the fundamental 
solution for dt + A\j^, where A^^ is the Laplacian on DR*{M2, Z2) with the Neumann 
boundary conditions on and the kernel {Et — alEt)x,y ='■ E^^^y is the kernel of 



^^The signs are not important for the transformations of the norm on the determinant hne under 
the actions of v'r,^ . 



^®It is proved in Proposition 1.1 that A* on DR'{M,Z) for M obtained by gluing two pieces, 
M — Ml Un M2, has the same eigenvalues (including their multiplicities) and eigenforms as A* ^ 
in DR'{Mi^i, Z). The analogous assertion is true for the operators exp(— tA* j^) and exp(— tA') in 
{DR*{M))^ and for their kernels. 

^^These formulas are analogous to (2.40). 
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exp(— tA^j^ where ^ is the Laplacian on DR'{M2, N U Z2) i.e., with the 
Dirichlet boundary conditions on A^. It follows from (2.54) that the alternating sum 
of zero-order terms (in the asymptotic expansions of the traces of the heat equation 
operator relative to t ^ +0) on the right in (2.19) can be represented in the following 
form (where m,,o := 2"^ (l - k^^'j / + Ko))- 

J:i-m2, (M^o^Z) = E(-iy / tr {eI^Juo))' = 

= 2-1 Y.i-^y I tr (El.,.)" + m,, ^(-1)^- / (tr (e^^:;^ - tr (^S^) = 
= 2-ix(M,Z) + m,„(x(M2,Z2)-x(M2,Z2UiV))=x(M2,Z2UiV) + (l + A;-2j-i^(^)_ 

(2.56) 

Hence the expression on the right in (2.53) is equal to the right side of (2.19), and 
the assertion of Lemma p.3| follows from Proposition |2.1CI| . The zero superscripts in 



(2.56) denote the densities on Mj, A^, 9M, corresponding to the constant terms (i.e., 
the t°-coefficients) in the asymptotic expansions as t — > +0 for Tr (pj exp (— tA*)), 
where A* is the Laplacian with appropriate boundary conditions. In (2.56) /^^^ tr(.)*^ 
denotes the sum of the integrals over Mj, A^, and over dMj \N of the corresponding 
densities. We use the following equalities to produce (2.56): 



5:(-l)^y_^^tr(EL,,) =x(M,Z), (2.57) 
E(-iy / trfe^r)° = x(M2,Z2), 

J Ah V ' ' / 



These equalities are consequences of the analogous equalities without the zero super- 
scripts and of the existence of asymptotic expansions in powers of t for the corre- 



sponding traces as t — >■ -|-0 (||Se2|, Theorem 3, or Theorem p.2| below). □ 



Proof of Proposition |2.10| . The identifications 



DetC"(X, V, W) Det(X, V, W) ^ Det(M, N, Z) (2.58) 

do not depend on v (the determinant lines in (2.58) are defined in (1.54)). So the 
actions of v^^ on Det(X, V, W) and on DetC*(X, V, W) are the same (i.e., they multi- 
ply by the same number). To prove (2.50) it is enough to show that the corresponding 
operators on Det(M, Z, N) are the same (i.e., that g^^, = v^^ on det(M, N, Z)). 
The proof of Proposition p.lO| uses the following assertion. 
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Proposition 2.11. Let ip: {F'^dpa) — > {F*,dpJ be an isomorphism of finite com- 
plexes of finite- dimensional linear spaces. Then the diagram is commutative: 



det F' 



det F* 



d I 



det H*{Fo) 



d I 



det//'(Fi) 



(2.59) 



Proof. The identifications det ~ det H*{Fj) are defined with the help of differ- 
entials d = dpy Hence the commutativity of (2.59) holds. □ 

The commutativity of the following diagram of the identifications (for u sufficiently 
close to vq such that is an isomorphism) follows from (2.59): 



detW'M 



detv, {W'M) 



I 



det H*(M,„Z) 



det H*{M^,Z) 



detW:{uo) 
Id 

det H*{M^,Z) 



(2.60) 



where the identification j , : H* {v^ {W'{uo))) H* {DR{M^,Z)) = H'{M^,Z) is 
defined by the natural inclusion j : Vi, {W*{i'o)) ^ DR*{M^, Z) of a quasi-isomorphic 
subcomplex. The commutativity of the left square in (2.60) follows from (2.59). 
The commutativity of the right square in (2.60) also follows from (2.59) because the 
operator induced by the projection operator Ha on H* {DR{Mi,, Z)) is the identity 
operator. 

The commutativity of the following diagram is a consequence of the commutativity 
of the diagram (2.60): 



detW:{uo) = detW:{uo] 



detv,{W:{uo)) 



I 



det H'{M^^,Z) 



'Det{M,N,Z) = 'Det{M,N,Z) 



9^* 



det H'{M^,Z) 



Det(M, N, Z) 



(2.61) 



The action of Vy^,: H*{Mi,^^,Z) H* {My, Z) coincides with the combinatorial 
action v'^^: H* {Xi,g,V) H* {Xy,V) under the identification of the cohomology 
R: H*{My,Z) — > H* {Xy,V) induced by the integration it! of closed differential 
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forms over the simplexes of X. Hence the commutativity of (2.60) involves also the 
commutativity of the diagram: 



detW:{uo) 



det H'{M^^,Z) 



det H*{M^^,Z) 



I 



det C'{X,„V) 



d 

det H* 



I 

I 



I 



T>etC'[X,V,W) 

(2.58) I 

Det(M, A^, Z) 



det C* (X^, V) 
I 

j:ietC\X,V,W) 

(2.58) I 

Det(M, iV, Z) 



(2.62) 



Det(M,iV,Z) = 

The equality (2.50) follows immediately from the commutativity of the right bot- 



tom square in (2.61) and from the commutativity of (2.62). Proposition 2.10 
proved. □ 



IS 



2.4. Analytic torsion norm on the cone of a morphism of complexes. Proof 
of Lemma 2.4. Lemma |2.4| is a particular case of the following assertion. Let / be 
a morphism (2.22) of finite complexes of finite-dimensional Hilbert spaces. Then 
Cone* / is defined by (2.23). The exact sequence of complexes:^^ 



^ V ^ Cone* / A*[l] 0, 



(2.63) 



(where the left arrow maps y E V* into (0, y) G Cone* / and p{x, y) = x for (x, y) G 
A^^^ © V^) defines the identification of the determinants of its cohomology: 

V'cone-/- detiJ*(Cone/) r det/7*(\/) ® (deti^*(A))~\ (2.64) 

Let the Hilbert spaces Cone-' / be the direct sums © V"-'+^ of the Hilbert spaces. 



Lemma 2.6. The analytic torsion norm on the determinant of the cohomology of 
Cone* / is isometric under the identification (2.64) to the tensor product of the an- 



■^"The morphism / does not supposed to be a quasi-isomorphism. 

■^^^•[1] is a complex with components ^[1]-' = A^'^^ and with dAii] = —dA- There are the 
canonical identifications: det = {detA*y^ and detH*{A[l]) = (det iJ*(A))"\ 
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alytic torsions norms^"^: 

To(Cone* /) = To{V) ® To{A')-\ (2.65) 



Remark 2.6. Let h G det if '(Cone /) be identified by (2.64) with hi (g) /i2^ for hi E 
det H*{V) and /12 £ det H*{A). Namely v^cone* fh = hi<S)h2^, where h2^ is an element 
of the dual one-dimensional space det H'{A)-^ such that /i2^(/i2) = 1- In this case, 
the equality (2.65) claims that 

II ^11 To (Cone*/) ^ II^iIIto{V) / II ^2 ||To(yl*) • (2.66) 

Remark 2.7. The identity (2.65) (Lemma pl6|) and the equality (2.66) also hold under 
weaker assumptions. Let the Hilbert structures on A*, V, and on Cone* / be such 
that the identification 

<^Conc«/: det Cone' / ~ det V^* O (det A')"^ (2.67) 
(induced by the exact sequence (2.63)) is an isometry. Then the equality (2.66) holds. 

Corollary 2.7. Let f : A* V* he a quasi-isomorphism. Then if*(Cone/) = 0. 

Hence det ii'(Cone /) is canonically C and 1 e C = det ii*(Cone /) is identified by 
(2.6A) with hi /ig^- Here, /*/i2 = hi under the identification induced by f: 

/, : det H'{A) ^ det H'{V). (2.68) 

In this case, the equality (2.66) claims that 

l|l|lTo(Conc/) = ||/^i||to(V.)/||/^2||to(A.) =ro(V^-)/ro(A-), (2.69) 

where To{V*)/Tq{A') is the ratio of the two norms on the same determinant line 
(since detH'iV) anddetH*{A) are identified by (2.68)). 

The equality (2.69) is the assertion of Lemma |2.4| . 
Proof of Lemma |2.6| . The identification (2.67) is an isometry of norms on the 
determinant lines. Let m be a nonzero element of det Cone* / and let 

^Cone- fU = Ui® U^^ (2.70) 

where Ui G det V* and U2 G det A*. Let h, hi, /i2 be the images of u, Ui, under the 
identifications (defined by the differentials of the corresponding complexes): 

det Cone* / '^^z det H'{Cone /), 
detv4* detH'(A). detV dy detH'(V). 



The analytic torsion norm on detH'{A[l]) = detH'{Ay^ is the dual norm To(A*)"^ 
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Then by the definition of 'f^cone' / "^^ have v^'^cone* fh = hi® h^^. 

The analytic torsion norm on the determinant of the cohomology of a finite- 
dimensional complex is the norm, corresponding to the L2-norm on the determinant 
of this complex defined by the Hilbert structures on its components. Hence the 
equalities hold: 



2 _ II ||2 

To(Cone*/) ~ ll'"lldet(Cone* /) 



(2.71) 



\\h l|2 _ II ||2 II/, ||2 _ II ||2 

II'^iIITo(V) — ll'"llldet(y) ' ll'^2||ro(A«) — lF2||dct(A*) • 

Since the identification (2.67) is an isometry, we see that the equality 

ll^llTo(Conc*/) ^ II^iIItoCV) / II^2||to(^.) (2.72) 

follows from (2.71) and from (2.70). □ 

The equality (2.24) in Lemma |2.4| is a particular case of (2.72) (by Corollary p.7| ) 
corresponding to the case of a quasi-isomorphism /. Lemma |2.4| is proved. □ 



2.5. Variation formula for norms of morphisms of identifications. Proof of 
Lemma 2.1. The assertion (2.14) of Lemma |2.1| can be deduced from the definition 
of and from the following proposition. 

Proposition 2.12. There is a neighborhood Uy^^, uq G Ui,^ C \ (0,0), such that a 
family of finite rank projection operators ^{{i^) '■= 11^(1^; a) in {DR^ (M))^ is smooth 
on U,,„ 3 V. 



Its proof follows just after the proof of Lemma p?T| . Let I G det W'^pq), I ^ 0, and 

let / = ^jl^j'^^^ , where Ij G det Wl{h'Q), Ij ^ 0. Then we have 

log \\9J\\letW:(u) = E(-l)-'^^log \M\\letWi(uy (^'^S) 

Proposition 2.13. For every j the following equality holds (under the conditions of 
Lemma \2.1\ ): 

^7logllMlldetvFiH |,=o = ^d,^og{K)l^jT {p,Ili{uo)) . (2.74) 



Thus the assertion (2.14) of Lemma [2?1| is a consequence of (2.74) and of (2.73). 



Proof of Proposition |2.13| . It is enough to prove the equality (2.74) in the case 
when IKj lldct VF'Cfo) ~ ^^^^ / = ei A . . . A e^, where {e,} is an orthonormal 

basis in W'^uq) {uq = z^(0)). In this case, we have 

^I'^^slMll^twiiu) = tr('97(aii('^))) (2.75) 



7=0 



7=0 
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where a(z/) = (ajj(z/)) is a matrix of scalar products in (^DR^ (^i) ® ("^2) , Qai 
of the images of the basis elements 



The formula (2.75) is deduced as follows. Since \\gj\ 



S^logdet a(z/) 



7=0 



tr 



a ■ a 



det Wi (u) 



det aiu), we have 



7=0 



7=0 



The family of the operators n^(z^) is smooth in u for u G f/zy^ (Proposition p.l2| ). 
Hence the operator d^UKu) exists. Since n^(z^) are projection operators, we have 



d^Ua ■ Ua = {id - Ila)d^Ila. 



So Cj are orthogonal to d^Ua ^ej and we get 



d^aij{u] 



7=0 



7=0 



=< dj{Ilag:,)ei,ej > 



7=0 



+ 



+ < ei,d^(Jlagu)ej > 



7=0 



9^ (log k,. 



7=0 



■< P2ei,ej > + < ei,p2ej >). (2.76) 



Since {cj} is an orthonormal basis in W'luo), we have 



tr (< P2ei, Cj >, 



tr 



^0, 



(2.77) 



Hence (2.74) follows from (2.75), (2.76), and (2.77). Thus Proposition |13| and 
Lemma are proved. □ 

Proof of Proposition ^TT^ Let U^,, C \ (0, 0) be the set of u e R"^ \ (0, 0) 
such that the Laplacians A^j on DR'{My, Z) (for all j) have no eigenvalues A from 
(a — e, a + 2e) C M+ (where e > is small enough). Then for z/ G Uy^^ the pro- 
jection operator H^(z^) from {DW {M))^ onto a linear space Wl{v) (spanned by the 
eigenforms of Ay^j with the eigenvalues A from [0, a]) is equal to the contour integral 

W,{v) = Z/27T f Gi{v)d\ 

where G\{v) = (Aj^j — A)~^ is the resolvent for the Laplacian A^j and Ta+e is a 
circle Ta+e = {A : |A| = a + e} oriented opposite to the clockwise. For A G Ta+e and 
u G t/j^Q the operators Gl^{i>) form a smooth in (A, z/) family of bounded operators 
in {DW {M))^- (It is an immediate consequence of Proposition |3T^ below. Indeed, 
Spec(A,^j) is discrete and it is a subset of IR+ U 0, according to Theorem |3?1| . Thus 
if (a - £, a + 2e) n Spec(A^j) = then Ta+s n Spec(A^j) = and G{{h') form a 
smooth in z/ G U^q and in A G Ta+e family of bounded in {DR^{M))2 operators by 



Proposition pA\ .) Proposition p.l3| is proved. □ 
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2.6. Variation formula for the scalar analytic torsion. Proof of Lemma 2.2. 

First the lemma is proved in the case when a > is less than 4~^Ai(z^o) (where Ai(z/) 
is the minimal positive eigenvalue of the Laplacian A^, on {(BjDR> {My^ Z),gM))- Let 
Ui{a) be a neighborhood of z/q, z/q G Ui{a) C U (2.3), such that for z/ G Ui{a) we 
have a < 2~^Ai(z/). (Such a neighborhood exists according to Theorem |3.1| and to 
Proposition prT| .) 

Let z/(7) be a smooth local map (]R"'^,0) — » (f/(a),z/o). 



Proposition 2.14. Fort > the following variation formula holds^^ : 



57E(-l)'iTrexp(-tA,,,) 
= \og{k 



7=0 



7=0 



(_t Tr (pi exp (-tA,„,,)) , (2.78) 



where := a/P for u = {a, (3) & U (i.e., for a/3 ^ 0). 



Proposition 2.15. Let Re s > (dimM)/2 and let < a < Xi^uq). Then the follow- 
ing equalities hold: 



7=0 



r(s)~^ / t'~^ E(-l)^j (Tr exp {-tA^j) - dimKer A^j) dt 



= r{s)-' r e Y^{-iy{-d,) Tr (pi (exp (-tA,„) - W^u,))) dt 

•J 

= 2 \og{K 



{s/ns)) E(-l)'' r Tr (pi (exp (-tA.,,) - ni(z.o))) 

(2.79) 



Proof of Proposition |2.15| . To produce the second row of (2.79) from (2.78), it is 
enough to prove ( [|Bo|] , 11.26, Proposition 7) that for Re s > (dimM)/2 the integral 



/•OO /"OO 

f{-dt)TT{piexp{-tA^j))dt = f Ti {piA^j exp{~tA^j)) dt (2.80) 

converges uniformly in u for u from a small neighborhood f/j.^ of Uq and to prove the 
convergence of the integral 



/ t'" ^ Tr (exp ( -tA^^ ) - dim Ker A^.^ ) dt 
Jo 



(2.81) 



■^^The operator exp{—tA^j) acts from (^DR^ (AI))^ into the domain D {Ai,j) of A,yj defined 
by (1-27). The operators exp {—tA,y j) and pi exp (— tA^j) are of trace class. Their traces are 
equal to the integrals over the diagonal of the traces of their kernels restricted to the diagonals (by 
Proposition [3^). 
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together with the uniform convergence in v for an arbitrary G U^^ (as z/ ^ z/i) of 
the function 

i^+T(-l)'Tr(piA,,,exp(-tA,,,))-t^+T(-l)'Tr(piA,„,exp(-tA,,,,)) 

(2.82) 

for t from any closed finite interval t G / C (0, +oo). (To apply the theorem from 
|[Bo|| , quoted above, it is useful first to do the transformation M+ 3 t h = \ogt G M, 
dt — > tdh.) 

The following estimates are satisfied 

\Tt {piA^j exp{-tA^j))\ < Tr (A^jexp(-tA^j)) < 

< ||A^j exp(-tA^j/2)||2 (Tr (exp(-tA^j/2) - dimKer A^j)) , (2.83) 

II A„ j exp(— tAiyj/2) II2 < max (A exp(— tA/2)) — 2/(te), (2.84) 

(where ||-||2 are the operator norms in {DW{M))^). The first estimate in (2.83) 
follows from the Mercer theorem. (The applying of this theorem here is similar to its 
applying in the proofs of Propositions |3]^ and below.) 

Let to be any positive number. Then for t > 2to and for u sufficiently close to i/q 
we have the following uniform with respect to u estimate 

Trexp {-tA^j/2) - dimWl{u) < Cexp(-cit), (2.85) 



where C and Ci are positive constants. Indeed, according to Theorem |3]^, for any 
to > there is a constant L > (depending on to) such that the inequality 

Trexp (-toA^j/2) < L. 

holds uniformly with respect to z/ G \ (0, 0). So for all u E U sufficiently close to 
uo and such that Ai(z/) > 2a, the estimate (2.85) is true for t > 2to with C = L and 
Ci = a/4: 

Trexp (-tA^j/2) - dimWHu) < Lexp{-ta/4:). (2.86) 

The uniform convergence (with respect to u) of the integral (2.80) for Re s > 
(dim M)/2 follows from the asymptotic expansion (2.15) in powers of t as t — >■ +0 and 
from the estimates (2.83), (2.84), and (2.85). The convergence of the integral (2.81) 
for Re s > (dimM)/2 follows from (2.85) and from the existence of the asymptotic 
expansion of the trace as t — +0 (by Theorem |3.2| ): 



IYexp(-tA.„,) = f-,^Mt~^^'^''^/' + /i-dimMt^^-'^^'"^)/' + ■ ■ ■ + 

+ fkt"/' + O , (2.87) 

where A; G Z+ and fi := fi{i^;j) are smooth in z/ G \ (0,0). This asymptotic 
expansion (2.87) is differentiable with respect to z/, according to Proposition ^]2[ 
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The uniform convergence of (2.82) for t G / C (0, oo) (if s is fixed and Re s > 
(dimM)/2) follows from Proposition |3.8| and from the uniform convergence (with 
respect to u) of the functions of t 



Ml 



Tr^L,,( 



Ml 



for t E I. (The latter assertion follows from Proposition |3.2| and from Theorem |3.2| .) 

The last equality in (2.79) is true for Re s > (dimM)/2 according to the asymptotic 
expansion (2.87), to the estimate (2.86), to the absolute convergence of the integral 
(2.80), and to the following estimates (where < a < Ai(z/o)): 



< Tr (pi (exp {-tA,,j) - Ui{uo))) < Tr (exp {-tA 



ni(^o) . (2.88) 



(These estimates are deduced from the Mercer theorem the same way as in the proofs 
of Propositions ^]8| and |3.9| .) Thus Proposition |2.15| is proved. □ 



Proposition 2.16. For < a < Xi{i'o) the assertion of Lemma ^]T] is true, i.e., it 
holds: 



a>gT(M„Z) =2d,\og{K)\ _ V(-l)^Tr(pi(exp(-tA,„,,)-n^,(z/o 



7=0 



17=0 



(2.89) 



(The zero superscript denotes the constant coefficient in the asymptotic expansion 
as t — > +0 for the operator trace.) 

Proof. The equality (2.79) claims that for Re s > (dimM)/2 and for < a < 
Ai(z/o)/4 we have 



^7(E(-i)'ic.,.(s; 



7=0 



00 



= 29,log(A;,) ^Js/T{s))Y.{-iy t^"iTr(pi(exp(-tA,„,,) -0^(^.0))) dt. (2.90) 

The final expressions in (2.90) and (2.79) are analytic functions of s for Re s > 
(dimM)/2 according to (2.88), (2.86), and to (2.15). The meromorphic continu- 
ation to the whole complex plane C 3 s of this function of s can be produced 
with the help of the asymptotic expansion (2.15) (or of the expansion (2.91) below 
for Tr (pi (exp (— tAj^gj) — n^(z/o)))) using the estimates (2.88) and (2.86). Let the 
asymptotic expansion as t +0 for the trace of the operator below be as follows 
(n := dimM): 



Tr(pi(exp (-tA,„J-n{(z/o))) =g-nt~"/' + . • .+got°+git'/' + . . .+gfct''/'+rfcj(t), 

(2.91) 
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where rkj{t) is O as t — > +0 and rkj{t) is a C^^^^^ -smooth function of 

t G [0, 1].^^ Then the analytic continuation to Re s > —{k + l)/2 of the integral on 
the right in (2.90) is given by the expression 

r t^-' Tr (pi (exp (-tA,„,,) - UHuo))) dt = 

•J 

= g_„/ (-n/2 + s) + / (-n/2 + 1/2 - s) + ■ ■ ■ + go/s + <?i/ (1/2 + s) + . . . 

+ qk/{k/2 + s)+ f'f-'rk,jit)dt + Hf-' Tr(pi(exp (-tA,„,,)-n^,(z/o))) dt. 

^° Ji V V ^2g2) 

The latter integral in (2.92) is an analytic function on the whole complex place C G s 
(according to (2.88) and (2.86)). The integral of r^j in (2.92) is an analytic function 
of s for Re s > —{k + l)/2. The asymptotic expansions (2.87) for Tr exp (— tA,^j) 
can be differentiated with respect to u according to Proposition |3.2| . They provide 
us with the analytic continuation of J2{~^yjCu,j{s) to Re s > —{k + l)/2 as follows: 



E(-l)'iC.,j(s) = nsy' [F^n/{-n/2 + s) + ■ ■ • + Fk/{k/2 + s) + 

+ J f-^mk,u{t)dt + J t'"^5I(-l)''iTr(exp(-tA^j)-dimKerA^j)dtj, (2.93) 

where := J^ji—^Y j {fk{t^, j) — So^k dimKer Ai,j) and the functions nik^yit) are 
(:7['=/2]-smooth in t G [0, 1] and in z/ (for z/ G \ (0,0)) and are such that nik^v = 
O uniformly with respect to z/ as t ^ +0. 

The latter integral in (2.93) is an analytic function of s G C. We obtain its 
derivative with respect to 7 taking into account (2.78), (2.86), and (2.88): 

/oo 
t'-^ Y^i-lY] Tr (exp (-tA^j) - dim Ker A^j) dt _^ = 

= 2 d, \ogiky) l^^^js f Y.i-^y Tr (pi (exp (-tA,„,) - UUuo))) dt + 

+ ^(-1)^- Tr {p, (exp (-A.,,) - ^jz^o))) }, 
j 

where < a < Ai(z/o).^^ Using (2.87), (2.93), and (2.92), we get the equalities (where 



'^'*This asymptotic expansion exists and is difFerentiable with respect to t by Proposition 3.2. 
^^For such a the operator 11^(1^0) is the projection operator from [DW {M)^^ onto the space of 
harmonic forms Ker (Aj^^ j). 
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QkU, t^o) ■= Qk for A; < 0, g^O', t'o) := Qk for /c > and g^, are from (2.91)): 



7=0 
7=0 



2 dy log{k^] 
2 9^fog(A;,) 



7=0 



7=0 



[2M) 



Hence the equality (2.90) holds on the whole complex plane C 3 s. In particular, we 
obtain 

d, logT (M,, Z) =2d, log(fc,) ^(-l)^go(j, z^o). 

7=0 7=0 -"^ — ' 

Thus Proposition |2.16| is proved. □ 

Remark 2.8. A consequence of (2.94) is as follows. For any smooth local map z/(7) : 
(M"^,0) {U,0) (where U is defined by (2.3)) the identity O^Fq = holds according 
to (2.94). Hence the function on U 



Fo{v) = E(-l)'i (/o(^, j) - dimKer A 



v,3) 



is independent of v. The dimension of Ker Aj^j is independent of v for v & U as, 
it follows from the cohomology exact sequence in the top row of (2.27). Indeed, for 
1/ e [/ the dimension of Im^D (where do : H\N, C) ®k=i,2H'+^{Mk, Zk U A^; C) is 
a differential in this exact sequence) is independent of u because for different z/ = z/q 
and z/i from U the maps dD,k[i^) : H\N, C) ^ H'+\Mk, iV U Z^; C) for fixed A; = 1, 2 
(and for a fixed i) differ by the nonzero scalar constant factor (depending on uq and 
ui). Hence J2{—^yjfo{^,j) is a constant function on U. 

Proof of Proposition |2.14| . Let El^^yiy) (where t > 0) be the heat kernel of the 
operator exp {—tA^j). By the Duhamel principle, a variation in u of E*^ y{v) can be 

, =: /m K,xuzi^i) A *zE'^^^^^^{u) be a 



written as follows. Let (^E*_^ ,j.^Ai'i), E*^^ 
scalar product (1.23) (with respect to the variable z). We have 



lim 

£■^ + 



^hm f drd/dr {e^^^^u), E^^,^. 



t-e 



dr 



XE^^x^u), El^^^^uo)) + fe,,(z/), A^El^^^Juo))] . (2.95) 



Stokes' formula claims that for any two smooth forms uji,uj2 ^ DW{Mi) on a mani- 
fold Ml with boundary we have 



dMi 



^2.96) 



where the density ruji A *qmAuj2 on dMi =: N and the operators r and A are defined 
as follows. Let any local orientations be chosen on TM|jv and on TN. Then the 
following forms on are locally defined: 



rui ■=[N : Ml] i*N^Mi^i, : = 



—1 ■* 



;2.97) 
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where ilf^j^^ : DR*{Mi) DR*{N) is the geometrical restriction to N (and [N : Mi] = 

1 if is locally oriented as dMi and [A^: Mi] = — 1 in the opposite case). The lo- 
cally defined form ruji A *dMiA^^2 is a globally defined density on A'" = dM^^. So the 
equality (2.95) can be written in the form 



k=l,2 



+ 



(A£;;.,.(^),(r5)*£;;_.,.,,(^o)),^J + [((Ad),£;;,,,(i.),r.^r_,,,,, 



(2.98) 



where r = r^, A = Aj. are the corresponding operators for pairs (M^, dM^). 

Let any local orientations be chosen on TM\n and on TN. Then the conditions 
(1.27) for the domain D ( A*) claim that for the kernels E*{i') and E*{ui) (where 
u — (a, P) and ui — (ai, /3i) are from \ (0, 0)) the following equalities hold on N: 



ar,(Mi,iV) o El^^iu) = -Pr,iM,,N) o E^^^iu), 
f3A,{M-,,N)oEl^^iu) =aA,{M„N)oEl,^,{u), 
ar,{A'h,N)o6,El^^,{u) = -f3 r,{M,, N) o d.El^^^iu), 
P A,{Mi, N) o d.E'Ju) = a A,{M,, N) o d^E'iu), 



(2.99) 



The analogous equalities hold for E'iyi) (where (a,/3) are replaced by (q;i,/3i)). 
Hence the equality (2.98) for u & U{a) G U can be written in the form 



Et,x,yi.^o) 
rt—T 

lim / dr 

^+0 Je 



(K/kJ) {{t5).EI^,^^{v),A^EU^^^^{v,)) 



+ 



9Mi 



+ 



+ (1 - {kjK)) (A£;;,,,(i.), (r5).£;;_,,,,,(i/o)) 
+ (1 - {kjk,)) (^4£;;,,,(z/),r.E;_,,,,^(z/o: 

- (1 - {kjk,,)) {nE;^^^,{u),A,d.El^^,^^{uo))^^^ 



. (2.100) 



The kernel E*.j.y{v) is smooth in z/ G \ (0,0) as a smooth double form on 
Mj-i X (where the limit values on C dM,. are taken from the side of M^) 



■^^It does not depend on a local orientation on TM and if a local orientation on TN changes to 
the opposite then this local form changes its sign. 
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according to Proposition 3^. So we can conclude from (2.100) that 



7=0 



lim 

7=0 



t-e 



dr 



dMi 



+ 



dMi 



+ (r*E' 

where the hmits of the kernels are taken from the side of Mi. 
By Proposition |3.8|, we have the equality 



dMi 



(2.101) 



Trexp(-tA^o,i) = J2 - ^k^*%i,^2 



(2.102) 



where the exterior product of double forms on the diagonals • Mr "—>■ Mr x Mr 
are implied. 

We deduce from the semigroup property for the kernels of the operators exp (— tAj^^ j) 
that 



(<5l,^i-E'ti,x,^i('^o), Q2,Z2EI 



t2,Z2,X 



M 



M 



<5l,2i-E'ti,a;,^i('^o) *xQ2,Z2Ei2,z2,xi^o) — <5l,zi <52,22 -^ti 



+t2,Z2,Zi 



Vo), (2.103) 



where Qi^zi are differential operators acting on differential forms, tj > and the 
integration is with respect to the variable x. We deduce the following variation 
formula from (2.101) using (2.102) and (2.103): 



Tr exp {-tA^j] 



7=0 



7=0 



+ K(Mi,iV)r,,(Mi,iV)4,i5;/;.„.,(//o; 



N 



, (2.104) 



where the summands are the integrals of the densities on (as it is defined in (2.96) 
and (2.97)). For instance, ^"^ 



N 



A,,d,, A *,2,7vr.2^L,,,2('^o)) • (2.105) 



The local forms Fi = (i^^ d^^^^E'^^^^^l'^o)) and F2 = {i*M^ *Z2 ^z^dz^E*^l^,^{vQ 
are smooth on the diagonal im^ '■ Mi ^ Mi x Mi. (The limit values on C dMi of 
these double forms are taken from the side of Mi and the exterior product of these 
double forms is implied.) The local form *n,z2 ^21 '^21^22-^*21 22(^^0) ^ smooth 
density on the diagonal C dMi, i]\f : N N x N. Hence we can apply Stokes' 



37 



We imply (but do not write) the restriction to the diagonal N ^ N x N in (2.105). 
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formula (2.96) to the expression on the right in (2.104). The resuh transformed with 
the help of the equality dxEl^^ y{u) = 5yE'^^y{u) is as follows: 



9^Trexp {-tA^j) 
= 2d^ log(/c; 



7=0 



7=0 



+ {dz,5z,Ei 



Ml 



+ (4.4,i5^S,..(^o)),, + 



[^Z2dz2Et^Zl,Z 



Ml 



Ah 



, (2.106) 



where the summands in (2.106) are the integrals of the densities of the type: 



Ml 



Ml 



i*Mi *Z2 Sz^dz,El^^^^^{uo) 



(2.107) 



(and the exterior product of double forms is implied in (2.107) and (2.106)). 

The formula (2.78) is an immediate consequence of (2.106) if we take into account 
the equalities 



-^xEl^y 



t,x,y 



TP' 



and use the formula (3.67) in Proposition |3.8| . Thus Proposition p.l4| is proved. Hence 
Lemma p.2| is proved in the case of a < 4~^Ai(z/o)- D 

Let now a > be an arbitrary number such that a ^ Uj Spec (Aj,,, ,,•). Then for any 
nonzero element / G det W*{i>q) we have by Lemma |2.1| that 



5^ log \\gj\ 



detW'(yo) 



7=0 



-2 d, \og{K) 1^^^ Y.i-^y Tr {p2m^o) 



where Qi, = LI'v,^ is defined by (2.13). We know that under the identifications (2.4) 
and (2.6), the analytic torsion norm Tq (M^, Z; a) on det W'lu) transforms into the 
analytic torsion norm To (M^,Z) on det if' (M^, Z), \\gjfT^(^M,,Z;a) = ll(fi''^0//llro(Af.,z)- 
(Here, {gJ)H G det H'{M^, Z) corresponds to gj under these identifications.) Let 
{9J)h be fixed. Then the analytic torsion norm of gj G det IY'Ip) 

\\9Jfn(M.,Z;a) ■= WaJWlctw^i^) ■ T{M^,Z-a) (2.108) 

is independent of a > 0. Let z/q = (q;o,/3o) G U (i.e., ao/3o ^ 0). Then using (2.108), 
(2.89) we obtain (/i := dj\og{k,y) 



d^\ogT{M,,Z;a) 



7=0' 



= lim d^logT(M^,Z;e) 



l7=0 



+ 



+ 2^ (- hm E(-l)^' Tr (^^^.(z/o)) + E(-l)'' Tr {p2m^o) 



2fi 



Y.{-iy (Trpi exp(-tA.„,))° - ^(-l)^' Tr Hi(z.o) + E(-l)'' Tr (^2^.(^0)) 

(2.ld 



68 S.M. VISHIK 

Note that for arbitrary c > 0, a > we have 

J2i-iyTrUiiuo) = xiM^o^Z) = E(-l)' Tr ((pi + P2)n^.K) 
So the final expression in (2.109) is equal to 

2 9,log(fc,)|^^^5:(-iy Tr {p, (exp(-tA,„,,) - Ui{uo))) 
Thus Lemma |2.2| is proved for an arbitrary a > such that a ^ Uj Spec {A^^j). □ 



2.7. Continuity of the truncated scalar analytic torsion. Proof of Propo- 
sition |2.1| . Taking into account the definition (2.11) of the truncated scalar analytic 
torsion T{M^, Z; a), we see that Proposition |2.1| is a consequence of the assertion as 
follows. For Re s > (dimM)/2 the truncated (^-function (2.8) for A^j is defined by 
the integral^^ 

C,,(s; a) = T{sr' H t'~' Tr (exp (-tA,,,) (l - Ui{u))) dt (2.110) 

J 

Proposition 2.17. For a > the truncated determinant for the v -transmission in- 
terior boundary conditions 



det (A*; a) := exp (^—d/dsC,v^,{s] > 



s=0 



is a continuous function of v for z/ G \ (0, 0) such that a ^ Spec (A*). 

Proof. Let E*,^. ^^^), t > 0, be the kernel of exp (— tA*). According to Proposition 
we have 

Trexp(-tA:)= ^ / tr , (2.111) 



where % : '-^ x are the diagonal immersions. (The exterior product of the 
restriction to the diagonal of double forms is implied in (2.111).) Set / = [—1, 1]. Let 
/ X C M be the inclusion of the neighborhood of = x into M and let qm be 
a direct product metric on I x N. Let A'.g be the Laplacian on DR*{I x A^) with the 
i/-transmission boundary conditions on A^ = x A^ and with the Dirichlet boundary 
conditions on dl x A^. Let i?*^. ^(z/; 0), t > 0, be the kernel of exp tA'.Q^. The 

equality analogous to (2.111) holds also for Trexp (^—tA^.^^ (where is replaced 
byQfcXAT, gi:=[-l,0],Q2:=[0,l]). 

Let uq 7^ (0,0) and let a ^ Spec (^A'^^^ be a fixed positive number. Then from 
Theorem |3.2| , Proposition |3.1| , and from the estimate (2.86) it follows that for an 



■''^The analytic continuation of this integral from Re s > (dimM)/2 to the whole complex plane 
coincides with the meromorphic continuation of Ci^ji^; a). 
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arbitrary e > there are a neighborhood Uq^s) of uq and T > such that for 
u G Uo(e) and for t > T the estimate holds 



|Tr (exp i-tAl) (1 - U:{u)))\ < £exp(-at/2). 



(2.112) 



To prove the continuity of det (A*) in u at u = z/q, it is enough to obtain the 
following estimate. For a given 6, 1 > 6 > 0, and for an arbitrary e > there exists 
a neighborhood Us 3 Vo such that the estimate holds for z/Gf/^, — (1 — 6)<s<l: 

|^^|Tr(exp(-tA:)(l-n:(z/)))-Tr(exp(-tA:J(l-n:(z.o)))|t^-'rft<^. (2.113) 

The spectrum Spec (A*) is discrete and it depends continuously on p (by Propo- 
sition p.l|) . Since a ^ Spec (A*) we see that Trn'(i/) = Trn'(i/o) (= rkn*) in a 

neighborhood of vq and that the following estimate is satisfied uniformly with re- 
spect to s, — 1/2 < s < 1 and to v for v sufficiently close to vq. 

rT 



f-'dt<e/2 (2.114) 



|Tr (exp i-tAl) UHu)) - Tr (exp (-tA^) K 
The inequality 

£ |Trexp (-tA*) - Tr exp (-tA'J | f-^dt < e/2 (2.115) 

for p sufficiently close to and for — l/2<s<lis obtained as follows. According 
to Proposition |3?1| , Trexp(— tA*) is equal to the integral over UMj of the density 
defined by the restriction to the diagonal of the corresponding kernel. So it is enough 
to estimate in (2.115) the integrals of the difference between the densities defined 
by exp (—A*) and by exp (— tA*^^ separately over a fixed neighborhood U of N = 
OxN M and over M\U . The estimate of the integral over t/ D is obtained with 



the help of the kernel E',j.y{i'; 0) of exp (— tA'.Q j . Set e'^. 

for x,y E I X N. 



Proposition 2.18. For an arbitrary m G Z+ there is a neighborhood of vq such that 
for allx,y G M[_i/2,i/2] := [-1/2,0] x U [0, 1/2] x Mi U Ma and forte (0,1] 

the estimate is satisfied uniformly with respect to z/ G \ (0, 0) 



< c t""' 



(2.116) 



(where Cm is independent oft and of u). 



•^^The integrals (2.110) for the values z^o and v of the transmission parameter have the analytic 
continuations from Re s > (dimA/)/2 to the whole complex plane. It follows from the estimates 
(2.113) and (2.112) that the difference of these integrals multiplied by T{s) is an absolutely conver- 
gent integral for Re s > — 1. Hence this difference is an analytic function of s for such s and it is 
equal to the difference of the analytic continuations of the integrals (2.110) for u and vq. 
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Proposition 2.19. The following estimate holds uniformly with respect to s for 
— {1 — b) < s < 1 and to v for v sufficiently close to z/q 



t'-^dt 



Ml 



[-1/2,1/2] 



< e/4. (2.117) 



Remark 2.9. For x,y E [—1,1] x the equalities hold (analogous to (2.54), (2.55), 
(2.40)): 

(E-^ y + (p' - c?li? + cA {olE'\^^^ for X, y G Qi X iV, 

K,x,y{y\ 0) = i?-.,, + - /^V/^' + (^t^*)*,.,. X, y e X iv, 

[ (^2a/5 jc? ^ El^^ y for x, y from different Qk x A^. 

(2.118) 

Here, E^^ y is the kernel of exp (— tA*) on I x N with the Dirichlet boundary condi- 
tions on dl X N and cxi is the mirror symmetry with respect to = x acting 
on the variable x of the kernel. So we get 



Mr 



tr I *xnii-C 



f tr(*,.,z*(i?-,^^,^(z/)-i?-,^,,J) . (2.119) 



2[-l/2,l/2] JW[~1/2,1/21 

From this equality and from the estimate (2.117) it follows that the integral over 
M[_i/2,i/2] of the difference between the kernels for i> and for i^q gives the term in 
(2.115) which is less than e/4. 

Proposition 2.20. The following estimate holds uniformly with respect to s, — (1 — 
b) < s < 1, and to v for v sufficiently close to vq: 



A^W[-l/2,l/2] 



tr (*x2i*El^^^x^{v)) - tr 



dt < e/4. (2.120) 



The estimate (2.115) is a consequence of (2.117), (2.119), and (2.120). The estimate 
(2.113) follows from (2.114), (2.115). The estimate (2.115) together with (2.112) gives 
us the continuity of A* (z/; a) in v at z/q. Thus we get the proofs of Propositions |2.17 
and 23 □ 

Proof of Proposition |2.18| . The following equality is obtained similarly to (2.98) 
by using of (2.99): 



rt—£ 

et,x,y{v) = - ^hm^ J drd/ dr 



dIxN 



r5),E;(u),A^E'(u;0) 



dIxN 



+ 



+ {r,E;^.^^,{u),{Ad),El^^,^y{u;0) 



dIxN 



f2.i2r 
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where the operators r and A correspond to the pair (/ x N,dl x N). So the estimate 
(2.116) follows from the analogous estimates for the kernels 



A.El.,ii^;0), {Ad),El^^iu;0), (2.122 



where x, y G M[_i/2,i/2] and z & dl x N = { — 1, 1} x ^ M. Such estimates are 



derived with the help of Proposition |2]^ for A* and A'.q as follows. 

Let m G Z+ be taken large enough. Then there is an approximate fundamental 
solution P*^"'-\ij) for {^dt + A*^^ which is the sum of an interior term PinT^* and of 

terms, defined near the boundaries dM and A^. The kernel P»("^) (z/) is a good approx- 
imation for E'^ylu) for small t > 0. Its interior term is defined as follows. For any 

closed Riemannian (M, there is a locally defined parametrix p'^^y (i.e., an approx- 
imate fundamental solution for (dt + A^^)) such that the difference — E*) 

V y t,x,y 

(where E',^ y is the fundamental solution for {dt + A*^)) is a C°°-double form for t > 
and such that the following estimates hold uniformly with respect to (x, ?/) G M x M 
and to t G (0,T]: 



Ft,x,y -^t,x,y 



^ j-n/2+m+l 

^ j.-ra/2+m+l-A; 



{Qi + Am) Pt,x,y I ^ C{m)t 



-n/2+m 



iK'f (dt + a;,) < c(^,,)t-"/2+-'= 



(2.123) 



[g. Proposition 5.3, pGVH , Theorems 2.20, 2.23, 2.26, 2.30). Such a parametrix 
can be represented in the following form [n := dimM): 



• (m) 

Pt,x,y 



in 

(47rt)-"/' exp (-rf(x, yf/At) f (rf(x, y)) f <l>,(x, y), (2.124) 



where d{x,y) is the geodesic distance between x and y, f & C(f (M+), /(r) = 1 for 
< r < e and / = for r > 2e. The injectivity radius i (M, qm) is supposed to 
be greater than 26, i.e., the exponential map exp^i?2£ is a diffeomorphism on its 
image for any x E M (where '■= G T^M, \^\ < 2e}). The coefficients ^i{x,y) 
in (2.124) are smooth double forms on M x M whose germs on the diagonal M 
M X M are unique. The principal term $0(2^) v) is the kernel of the parallel transport 
in A'TM along the geodesic line exp^^^ = x from y into x (and it is defined for 
d{x,y) < i{M,gM))- Each $j(x,|/) is determined through ^i_i{x,y) in differential 
geometry terms and it is well-defined for d{x,y) < i{M,gni) ( ||RS|| , Sect. 5, ||BGV|| , 
Theorem 2.26, Lemma 2.49). 



72 



S.M. VISHIK 



Let OxA'"^/xA'"'-^Mbea neighborhood of = x M, where the 

metric qm is a direct product. The fundamental solution for [dt + A*) on I xN (with 
the Dirichlet boundary conditions on dl x N) is 

V'{u)= E El(u)®E%-\ (2.125) 

i=0,l 

where E* ^[i>) is defined by the formulas completely analogous to (2.40) and (2.118). 
(Here, E^f^ is the fundamental solution for {dt + A^). The operator corresponding 
to the kernel El^{u) ® E'^'J acts on DR'{I,dI) ® DR—'{N). The kernel E}t{i^) 
corresponds to the Laplacian on I with the Dirichlet boundary conditions on dl and 
with the //-transmission boundary conditions at £ /. The term in (2.125) with 
i = 1 is equal to zero for • = 0.) 

The parametrix P*^ (i^) for (dt + A* ) on M is defined by 

KSi^) = ^K^,y{^)v + V'1P'S(1 - V). (2.126) 

Here, (p — (p{yi), ip — V'(^i) (iii the coordinates (xi, x') — x and (yi, y') — y oi points 
in J X N), e C^{I,dI); <^,^ > 0, ip{yi) = 1 for \y^\ < 2-' + e, ^{yi) = 
for \yi\ > 5/8, = 1 in a neighborhood of supp(^, and ip = for > 3/4, 
V^i G C^{M\N), = 1 in a neighborhood of supp(l — (p) C M \ M[_i/2,i/2]- Hence 
the parametrix P*^™"* is equal to zero for y G M[_i/2,i/2], a; G M \ ([—3/4, 3/4] x N). 
The term ijjip'^"^\l — ip) in (2.126) is defined from now on as Pint^^ ■ (In the case of 
dM ^ the terms, completely analogous to V'^l/) for v G {(0, 1), (1, 0)}, have to be 
added to P»(™). Their supports are in ([0, 1] x dM)'^ ^ M x M and qm is a direct 
product metric on [0, 1] x dM.) 

Proposition 2.21. 1. The boundary condition for P'^{i^) on N and on dM and 

the boundary condition for (A^)'^ P'^(u) (k G Z+j are the same as for E*,^ ,y(u) and 

for (a* E*,j.,y(u). Namely P'^ii^) is a smooth int > and in (x, y) G Mj^ x Mj^ 
kernel, A^^p/^|,(i/) C £)(A' ,j,) for fixed y, t > 0, and for any k G Z+ U 0. Here 
D (A' J C DR* (M„ Z) is the domain of definition of A*^ on pairs (001,002) of 
smooth forms on Mj. It is defined by (1.27)). 

2. The following estimates (analogous to (^2.123^^ hold for t G (0,T] uniformly 
with respect to u E M."^ \ (0, 0) and to (x, y) G Mj-^ x Mj^ (with Cm, Cm k independent 
oft): 

[dt + a;,) P-SV)| < (2.127) 

(a;,)' {dt + a;J p£)(^) < c^,,r"/^+-^ (2.128) 
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The kernel rl^^y{v) := {dt + A* ^,^ P'^^u) is smooth in {x,y) e M x Mj and its 

C'^^-norm on M x Mj is estimated through Cm,it~'^^'^'^'^~^ ■ For any linear differential 
operator F of order d = d{F), acting on double forms on M x Mj, and for any 

T > the kernel F o r'^f!^y (u) satisfies the estimate as follows whent G {0,T]. It hold 
uniformly with respect to {x, y) & M x Mj and to u &M.'^\ (0, 0) 

< c(F)r("+'^)/^+"*. (2.129) 



Fort^^J{u) 



3. For < k < [—n/2] + m — 1 the following condition is satisfied uniformly with 
respect to i/ e \ (0, 0) and to {x, y) e Mj^ x Mj^ : 

,'i?„K4'"(^^*-^'*'"").„('') = 0- P.130) 



Corollary 2.8. 1. For k G Z+, < A; < [—n/2] + m — 1 the following estimates of 



L2-norms (with respect to the variable x) of the kernel [P'^'^Ui') — E'M) hold 

for t G (0, T] uniformly in y E Uj=i,2^j and m G \ (0, 0), where and Cm,k 
are the same as in (2.127) and (2.12S): 



<C^(-n/2 + m + 



AtJE'{u)-P'^^\i^)) <C,n,k (-n/2+m+l-A;)-V"/'+"^+^-^ 



(2.131) 



(2.132) 



2. The following estimate for E',^y{i') holds for t G (0,T] and for an arbitrary 
q eZ+ uniformly with respect to z/ G \ (0, 0), to x e M \ ([-3/4, 3/4] x N), and 
toy e M[_i/2,i/2].- 

< C^r"/2+9. (2.133) 

It holds according to (^2.131^, (2.1'i2), and (2.32). (Indeed, for such x,y and for 
an arbitrary m G Z+ we have E*^^y{v) = (^E*(i') — P*^'^\u)j^ . Hence m can be 
chosen large enough to get (^2.133^.^ 
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The estimate (2.131) is a consequence of (2.127) and of the following equality 

= (i;r-.,.,.(-). (a. + a:,.) (e- - (.))^^ . (2.134) 



This equality follows from the assertions that IE' — P*(™) ) (z/) ^ as t — > +0 

V '' t,x,y 

and that (E* — P*^"^n (u) E D (A* ) with respect to the variable x. 

V / T,x,y V ' / 

The estimate (2.131) is a consequence of (2.134), (2.127), and (2.135), since the 
operator exp (— tA') for t > is bounded in [DR*{M))^ and its operator norm is 
less or equal to one: 

||exp(-tA:)||2<l. (2.135) 



(This inequality follows from Theorems p.l| and |3.2| . They claim that A' is a nonneg- 
ative self-adjoint unbounded operator in {DR*{M))^ and that exp (— tA*) is a trace 
class operator.) 

The inequality (2.132) for 1 < A; < [— n/2] + m — 1 is a consequence of (2.127), 
(2.135), and of the following equality (which is a generalization of (2.134)): 



V / t,x,y 

li^o r i^UU^)^ {^l,*)' + A.,,) {e- - P-(™)) Ky) , 
This equality holds since A?;^ (e* - P'('^)) (^y) o as t ^ +0 (for < A; < 

' V / t.x.v 



t,x,y 

't,x,y 



[-n/2] + m - 1) and since (A' J (E' - P'^"'^)^^ {^) e D (A' J for fixed y and 
t > 0. 

The proof of Proposition |2.21| is preceded by the proof of Proposition |2.18| . 



The estimates analogous to (2.133) (with t G (0,T] and q G Z+) hold also for 
the kernel El^ y{iy; 0) = P'^. ,^ of exp (-tA'.o), where x e {I \ [-3/4, 3/4]) x N,y e 

Mr 

-1/2 1/21 • Indeed, such estimates are true {n is replaced by 1) for [E} ^(z/) ) with 

^ ' y xi,yi 

xi G / \ [-3/4,3/4] and yi G [-1/2, 1/2], and the kernel [e^) , , is O 

fortG(0,T]. ""'^ 

The desired estimates for {r6)E*{i') and AdE*{v\ 0) are obtained from the estimates 
(2.131), (2.132), and from the generalization of the inequality (2.32) as follows. Let 
K be an arbitrary first order differential operator acting on DR* ij^j^ ■ Let uj G 
DR* {My, Z) obeys the conditions (2.33) with mi = 1 + min{/ : 4/ > dimM + 1}. 
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Then the inequahty is satisfied uniformly with respect to uj and io x E Mi U M2: 

mi 2 



i=0 



where Ck > is independent of G \ (0,0). The proof of (2.136) is exactly the 
same as the proof of (2.32) given above except the kernel {Gi{u) ® G^^)^ ^ has to be 
replaced by {Gi{u) ® G^^)xy- Thus Proposition |2.18| is proved. □ 



Proof of Proposition |2.21| . 1. For x from a neighborhood of = x M, 
where ipi = 0, the parametrix P*^^}{v) is equal to P*^™'' (//)</?(*). So P'^^\u) G 

D ( (a* ) with respect to the variable x, since V'^^Jii^) G D ( (A* ^) ) for A; G Z_,.. 



2. The estimates (2.127) and (2.128) hold for the term t(jV{iy)ip of P*(™)(z/) with 
an arbitrary m G Z+, since (ji)t + A*^^ 'P'i'^) = (for x G (/ \ dl) x A^) and since 
mina;^6^minyjgsupp¥> (ki - |xi + l/il) > 5 > (where A := supp{d^^ip) and the 
number 5 > is fixed). For xi E A and yi G suppy^ the estimate (2.133) (n is 
replaced by 1) holds with an arbitrary q G Z+ for the fundamental solution [EJ ,) 

\ ' I x,y 

of [dt + A*) with the Dirichlet boundary conditions on dl. The same estimate for 
such Xi,yi holds for the kernels (^alE'^^ and (^Ej^{i')^ . So this estimate 
holds also for the kernel {'P*{^))(xi x') {yi y') (defined by (2.126)), since the kernel 
(^EJ^-i^ ^ ^ is O (^t^*^"^^^/^^ uniformly with respect to {x',y') ( [[RS|| , Proposition 5.3, 

IPGVII , Theorem 2.23). By the analogous reasons, for such Xi,yi the estimate (2.133) 
with an arbitrary q E I1+ holds for the kernel (F o 'P*(i^))(^^ ^.z) (j^^ y), where F is a 
linear differential operator of finite order d{F) on M x M, acting on double forms on 
Mj-^ X Mj2, and n in (2.133) is replaced by n + d{F). 

So the estimate (2.133) with an arbitrary g G Z+ is satisfied by (dt + A* 3.) {i/jV*(p) 

and by (a;J' [dt + A^J (^PV) with k G Z+. 

The estimates (2.127) and (2.128) hold for 'i/'ip*('")(l - ip) =: i^'j^^ since they 
hold for cind since the distance on M between the closure B oi B (where 

B := {x: dxipi 7^ 0}) and the support supp(l — ip) is greater than a positive number 
6. Hence the uniform with respect to {x,y) E B x supp(l — ip) estimate (2.133) 
(with an arbitrary q G Z_|_) is satisfied by P*t]T]j- This estimate holds also for the 
kernel Fp'^^y, where F is a linear differential operator of finite order d{F), acting 
on the smooth kernels, defined on M x M. (For instance, the function / {d{x,y)) in 
the definition (2.124) of 

Pt^x^y can be chosen such that /(t) = for t > 6. These 



estimates follow also from ||RS|| , Proposition 5.3, estimates (5.5), and from ||BGV 
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Theorem 2.23(2). 



v40 



3. The difference [E* — P*(™)j^ (z/) can be written as the Voherra series (anal- 



og 



gous to pnVl , 2.4): 



t,x,y 



[E* — P*(™) 

= E(-^)' I / V p;S..(-)-a...(-) • • • -SL.(-), (2.137) 

where A, = {(ao, . . . , a,) : < a, < 1, E = Ij^^and r;j^(z/) := (A,,, + 9t) P'^V) (a 
scalar product ti{uji/\*uj2) with its values in densities on M is implied in (2.137)). The 
assertion (2.130) follows from the convergence of the series (2.137) in the topology 
of uniform convergence of smooth kernels on Mj^ x Mj^ together with their partial 
derivatives of orders < 2k on Mj^ x Mj^ (i.e., in the C^'^-topology on Mj^ x M j^). 

Indeed, the definition of P'^^y (2.126) involves that the kernel ri^]y{v) is equal to 
zero for x from a fixed (independent of t, z/, and m) neighborhood ofA^ = OxA^'— i>M 
in M. So r'^y{v) is a smooth kernel on M x Mj, and the inequalities (2.129) 
claim that the C^'^-norm of r'(^y{v) is O for t G (0,T] uniformly with 

respect to z/ G \ (0,0). It is 0{t) for < < [-n/2] + m - 1, and the series 
(2.137) is convergent in the C^'^-topology for such since the volume of is (/!)~^ 



(m) 



V] 



and since the following assertion is true. For any T > the parametrix P*^. 
defines a family of bounded operators from the space of smooth forms DR*{M) 
(equiped with a C^'^-norm) into the space ®j=i^2DR' {Mj) (equiped with a C^'^-norm 

on DR' [fvlj^). These operators are bounded uniformly with respect to t G (0, T] and 
to z/ G \ (0, 0). This assertion for the operators, corresponding to P'ntf > is proved 
BGV|| , Lemma 2.49. It is also true for the operators corresponding to %jjVt^"^\i^)^- 



m 



Indeed, it holds for the operators exp (— tA^) in DR*{N) (equiped with a C^^-norm) 
and for the operators tpexp (— tA') in DR*{I) equiped with a C^'^-norm. (Here A* 
is defined on forms with the Dirichlet boundary conditions on dl .) It holds also for 
the operators with the kernels ^'(^^i) \^iE*t t) ^iVi)^ acting from smooth forms on 

V ' / xi,ya 

I into smooth forms on [0, ±1] (where the Dirichlet boundary conditions are implied 
on dl and ai is the mirror symmetry with respect to G /). 

The C^'^-norm of the kernel {^Pj^f - E'^^) on N x N is O (^t™-("-i)/2-fc^ for 

t G (0, T], where Pj^^^ and i?^^ are the parametrix of the type (2.124) and the fun- 
damental solution for {dt + A^) ( |[BGV|| , Theorem 2.30). The operators in DR'{N) 



*°For the sake of brievity the proof of Proposition 2.21 is written in the case of dM — 0. 
^"'^Here <Ti = ti^i — ti for 1 < i < k — 1, (Tq = ti, ak = 1 ^ t^. The volume of with respect to 
the density dti . . . dt^ is equal to 1/kl. 
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corresponding to Pn"^^ are uniformly bounded for t G (0, T] with respect to a C^'^- 
norm ( PGV|| , Lemma 2.49). So the operators exp (— tA^) in DR'{N) are uniformly 
bounded for t G (0, T] with respect to a C^'^-norm. The convergence of the series 
on the right in (2.137) with respect to C^'^-norms {k < [— n/2] + m — 1) for the 
kernels on Mj^ x Mj^ involves also a proof of the equality (2.137) (in the case of 
m > —[—n/2] + 2). Indeed, we have^^ 

where (^—i^^-p'^*"^ jg the term with the number I in the right side of (2.137), (— l)'^r**^™''' 
is the same term in which P'^]^^ is replaced by r^[^\ P**'"^^ •= P*^'^\ For any fixed 
?/ and t > and for any A; G Z+ U we have (A^.^) (^r^"'^)^^^ C D (A;^). The 

series P* = J2i>o{~^)^ P'^"^^ ^ ^ [~^/'^] + 2 is the fundumental solution for 
{dt + A*) since (j)t + P* = for t > and since the operator corresponding 
to P;^'") tends in a weak sense to the identity operator in {DR*{M))^ as t ^ +0 
(i.e., P'^"^^uj — > u; as t — > +0 for uj G {DR*{M))^. The latter assertion holds for 



P* 



(m) , 



t.int 



Lp)uj and for V'^"^^(^uJ. Proposition |2.21| is proved. □ 



Proof of Proposition |2.19| . Proposition |2.18| involves the following conclusion. For 
any e > there exist a 5 > and a neighborhood U := U{h'Q,e) C \ (0,0) of uq 
such that the estimate holds uniformly with respect to z/ G f/ and to s, — 1 < s < 1: 



Ml 



[-1/2,1/2] k=l,2 



< e/20. 



So it is enough to prove the existence of a neighborhood f/i of z/q such that for any 
V (zUi the following estimate holds uniformly with respect to s for — (1 — 6) < s < 1 
(6, < 6 < 1, is fixed): 



Ml 



[-1/2,1/2] fc=l 2 



E (tr(*z^e,-(z.))-tr(«*e-(z.o))) 



<e/10. (2.139) 



For e(z/) and e(z/o) the equalities (2.121) hold. So the estimate (2.139) takes place 
for V sufficiently close to z/g since the convergence 



(2.140) 

is uniform with respect to t G [Si,T] (where 5i > is fixed), to a; G M\((— 3/4,3/4) xN), 
and to y G M[_i/2,i/2]- The convergence of the kernels 



dxEt 



t,x,y 



z/ 



dxEl^^y{j^o), 



SxE'M 



(2.141) 



^^The proof of (2.138) is analogous to the one given in ||BGV| , Lemma 2.22. It follows from the 
formula for dt Jq f{x,t)dx. 
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is a uniform one for such {t,x,y). All the double forms in (2.140) and (2.141) are 
uniformly bounded on the set of such {t, x, y) and their norms at (t, x, y) satisfy the 
upper estimate for t e (0, 5i\ (obtained in Proposition |2.18| above) through Cmt™' with 
an arbitrary m G Zi+ and with Cm independent of v. The uniform convergence of the 
kernels in (2.140) and (2.141) on the compact set of {t,x,y) defined above follows 
from the continuity in t, x, y, and u for (x, y) G Mj^ x Mj^ of the corresponding 
double forms. (See Proposition 3^, where it is proved that these double forms are 
C°°-smooth in t, x, y, and u for Re t > and u ^ (0, 0).) □ 

Proof of Proposition |2.20| . If (ao,/3o) = i^o & U (i.e., if ao ■ Pq ^ 0) then we 
can suppose that v E U m (2.120). In this case, the identity (2.100) holds for the 
difference 



{E'{u)-E'{u,)) 



t,X-l ,X2 



(2.142) 



Let z/Q G \ (f/U(0,0)). For example, let uq := (ao,0), ^ 0. Then the 
identities (2.98) and (2.99) claim in the cases of z/q and of u := {a,f3) that (2.142) is 
equal to 




dAh 



N 



+ 



^0, 



T,*,X2 ' 



N 



J^O N- 



(2.143) 



The factor k^^ = (3 /a in (2.143) tends to zero as v tends to vq. The factors 
(1 — K/ki^f^) and (1 — kyQ/ky) in (2.100)) also tend to zero as z/ — > i^q in the case 
vo-iV G U. The estimate (2.120) follows from (2.143) and (2.100). Indeed, there are 
the uniform with respect to v upper estimates (analogous to (2.116)) for the kernels 
(2.122), where x,y e M\ M[_i/2,i/2] and^GA^ = OxA^c dMj. These estimates 
follow from (2.32) and their proofs are completely analogous to the proof of (2.116). 
The main step in these proofs is using of the parametrix pi"^)^^ and of the estimates 
(2.127), (2.128), and (2.132) for t G (0, T]. □ 

2.8. Dependence on the phase of a cut of the spectral plane. The analytic 
torsions as functions of the phase of a cut. Gluing formula for the analytic 
torsions. The scalar analytic torsion (2.11) depends not only on {M^qmiZ^v) but 
also on the phase 6' of a cut on the spectral plane C 9 A. A zeta-function Cv,»{.s] 6) 
is defined for Re s > n/2 {n := dimM) as the sum of absolutely convergent series 
J2 ^{^j)^J,9, where the sum is over nonzero Xj G Spec (A*) and m(Aj) are the multi- 
plicities of Xj. The function Xjg := exp slog(g) Xj^, 6 > Im(log(g-) Xj) > 6 — 27r, is 

43The parametrix for E*{i') can be chosen such that Pi™i''(i') = for x i [-1/3, 1/3] x 

^ M and z e [-1/6, 1/6] X TV M. 
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defined for 9 ^ arg Aj -|-27rZ. (For positive self-adjoint operators this condition means 
that 9 ^ 27rZ.) All the results for the analytic torsion norm are obtained above in 
the case of < ^ < 27r (for instance, for 9 = tt). 

The zeta-function Cu,m{s; 9) does not depend on 6' ^ 27rZ, if [9 /2ti] does not change. 
However we have 

C^,,(s; ^ + 27r) = exp(-27ris)C^,,(s; 9) for Re s > n/2. (2.144) 

Since C^l-s; vr) can be meromorphically continued to the complex plane C 9 s (The- 
orem below), we see that C,v,»{s'-,9) for 9 ^ 27rZ also can be meromorphically 
continued to C with at most simple poles at Sj := (n — j)/2. The continuation of 
Cv,m{s;9) is regular at Sj for (— Sj) G Z+ U 0. So the equality (2.144) holds for all 
9 ^ 27rZ, s G C. Hence for such 9 we have 

C^,,(s; ^) = C;.,.(s) exp(-27rism), (2.145) 

where Ci^,,{s) := Cv,»(s;7r) and m := [6'/27r], 9 ^ 27rZ. From now on this ^-function 
will be denoted as (^^,{s;m) with m = [9/2tt]. The value (^^,{0,m) is independent of 
m (according to (2.145)). 

The dependence of the scalar analytic torsion (2.11) on m is given by 

T (M^, Z; m) = T{M^, Z) exp {-2TximF (M^, Z) , ) (2.146) 

where^^ F{M^,Z) := E (-1)^ jC,.(0)(modZ) and T{M^,Z) := T(M^,Z;0), i.e., 
T (M,^, Z) corresponds to 6* = vr and it is the scalar analytic torsion defined by (2.11). 
Here Z is the union of the connected components of dM where the Dirichlet boundary 
conditions are given. The Laplacian A* is defined on G DR'{M^,Z) with the u- 
transmission boundary conditions (1.27) on A^, with the Dirichlet and the Neumann 
boundary conditions on Z and on dM \ Z. The equality (2.146) is obtained by using 
of 

dsCu,,{s; m) = -27rzmC^,.(0) + 9,Cz.,.(s) 

The number F{M, Z) is defined also in the case of a manifold M without an interior 
boundary N. In this case, C.(0) in the definition of F{M,Z) is replaced by C»(0) 
for the Laplacians on DR*{M, Z). The dependence of T{M, Z; m) on m is given by 
(2.146) with F{M^,Z) replaced by F{M,Z). In particular, F(M) is defined for a 
closed M and also in the case dM 7^ 0, Z = 0. Let M be obtained by gluing two pieces 
Ml and M2 along the common component of their boundaries, M = Mi Un M2, 
where A^ C M is closed and of codimension one. Then F{M,Z) = F {Mi i, Z), 
according to Proposition |1 . 1| . 



^By the definition, F (M^ , Z) e C/Z but it can be also defined as J2 ("l)"* jCj (0) ^ 
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The class of F{My,Z) in C/Z is the same as the class (modZ) of the number 
Fi (M^, Z) e C, where 

F^ (M,, Z) := J] (-1)^' j (C.,,(0) + dimKer (A,J) . 

The Laplacian Ayj{Miy,Z) with its domain Dom(Aj,j) C {DR^{M))2 is self- 
adjoint according to Theorem |0|. For Re s > 2~^dimM the zeta-function Ci,j{s) 
is defined by the absolutely convergent series (-^fc) exp (— s log A^) {[9/27i] = 0, 
9 7^ 0), where the sum is over Xk G Spec(A;^j), 7^ 0, and with the branch of 
logarithm — vr < ImlogA < n. Because logA^ e M for A^ > 0, the function is 
real for real s. Hence Fi [M^,, Z) G M. It is supposed from now on that a metric qm 
on M = Ml Uat M2 is a direct product metric near N and near dM. 

Proposition 2.22. 1. For a closed manifold M the number Fi{M) is an integer. 

2. Let M = Ml Uat M2 be obtained by gluing two its pieces Mi and M2 along 
the common component N of their boundaries. Let the u -transmission boundary 
conditions (l-^Y) be given on N, the Dirichlet boundary conditions be given on a 
union Z of some connected components of dM and the Neumann boundary conditions 
be given on dM \ Z . Let L be a closed Riemannian manifold. Then the following 
holds:^^ 

Fi (M, X L, Z X L) = x{L)Fi (M,, Z) + Fi{L)x (M,, Z) . (2.147) 

3. Let K C dM \Z be a union of some connected components of dM. Then the 
following holds under the conditions on M above: 

Fi (M,, Z) = Fi (M,, ZUK) + Fi{K) + 2-\{K). (2.148) 

4. Under the conditions on M above, the number Fi {M^, Z) obeys a gluing property 
analogous to the gluing property (2.1) for the analytic torsion norms. Namely the 
following holds: 

Fi {M„ Z) = Fi(Mi, ZiUN) + Fi(M2, U AT) + Fi{N) + 2-\{N), (2.149) 
where Z^ := Z n dMk- 



Corollary 2.9. 1. For a closed M the scalar analytic torsion T{M, [6/211]) is inde- 
pendent of 6 ^ 27rZ. 



45 



The Euler characteristic x {Miy, Z) := X(— 1)' dimi/* (Af^, Z) is equal to the Euler character- 



istic of the complex {C*{Xiy,X n Z),dc) (as it follows from Proposition 2.3). Hence it is equal to 
X(M, Z) and is independent of G \ (0, 0). 
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2,. Under the conditions of (2.1A7), (2.1A8), and (2.1AQ), the following holds in 

F{M,xL,ZxL)^ X{L)F (M,, Z) . 
F (M,, Z)^F (M,, Z\JK) + 2-\{K). 
F (M,, Z)^F (Ml, Zi U A^) + F(M2, U A^) + 2~\{N). 



Example 2.1. The number Fi{S^) is equal to — /o;i = — /o;0-^^ The latter one is 

equal to zero because the asymptotic expansion for Trexp (— tAo {S^)) as to i — > +0 
(where Aq is the Laplacian on functions) is /_i;ot~^^^ + fi-^t^^"^ + fs-fit^^^ + . . . . 

Example 2.2. The number Fi{I,dI) is equal to -fo-i{I,dI) = -/o;o(-^)- Since 
has a mirror symmetry relative to its diameter, we have, taking into account (2.54) 
and (2.118), 

/o,o {S') = /o;o(/) + /o;o(/, 01) = 0. (2.150) 
Since fo.o{I,dI) — /o;i(/, (9/) = x{l-,dl) = 1 and (2.150) holds, we see that 

Fi(/, dl) = -/o;i(/, dl) = -/o;o(/) = /o;o(/, dl) = -2-\ (2.151) 

Remark 2.10. The equality (2.151) means that the analytic torsion T{I,dI; [6/271]) 
is multiplied by the factor exp (— 27ri • (— 2~^)) = —1, if 9 is replaced by 6' + 27r 
{e ^ 2'kZ). 

It is necessary to note the following. The scalar analytic torsion T[I, dl) :— 
T{I, dl; 7i) is the factor in the analytic torsion norm. But the latter one is the square 
of the norm on the determinant line detH^{I,dI). So the factor, corresponding to 
the norm itself, is multiphed in the case of (M, Z) = (/, dl) by the factor 

exp {7viCi{I,dI)\s=o) = exp(-7ri/2) = -i, 

if 9 is replaced by ^ + 27r, 9 ^ 27rZ. Indeed, we have 

-2-1 = Fi(7, dl) = - {dim H\I, dl) + Ci{I, dI)\,=o) , 

and so Ci{I,dI)\s=o = -2-1 = -F{I,dI). For M = 5Mt holds that -F{S^) = 
Ci (S^) \s=o = -1, and so exp {-niF (S^)) = -1. 

'^^The coefficients fk,j ■= fk,j{M,Z) are the coefficients in the asymptotic expansion '^fkjt'^^^ 
{k > -n) for Trexp {-tAj{M, Z)) as i ^ +0 for the Laplacian on DR>{M, Z) (n := dimM).' 
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It follows from Proposition 2.23 below that F{M^^ Z) and F{M, Z) have a form 
(1/2) + Z, if the numbers n := dimM and x(M, Z) are odd. So in this case the 
factors exp {—niF {M,,, Z)) and exp {—7riF{M, Z)) are equal to {±«}. 

Proof of Proposition |2.22| . 1. Theorem 1. claims that the number Cuji^) + 
dimKer (A^j) is equal to the constant term fo-j {My, Z) in the asymptotic expansion 
(2.87) for Trexp {—tA^j) as t — +0. So according to Theorem p.2| 1. the number 
Fi{My, Z) is equal to the sum of the integrals over Mi, M2, A^, and dM of the locally 
defined densities. Then we have 



Fi(M,,Z) = ^(-1)^j7o;,(M,,Z). 



(2.152) 



If {M^qm) is a closed Riemannian manifold then fo-j{M) = fQ-n-j{M). Hence 
taking into account (2.152) and (2.57), we get (for even n := dimM) 

F^{M)=J2{-iyjfo,j{M) = {n/2)J2{-iyfo,,{M) = {n/2)x{M). (2.153) 

Let n be odd. Then /o;j(M) is equal to zero since the asymptotic expansion for 
trexp {—tAj (M, (^a/)) (as t — > +0) is t~"/^ J2 i''f2i-n;j {M, Qm)^ where the sum is over 
/ e Z+ U ([^, Theorem 1.6.1; pUVf , Theorem 2.30). Hence Fi(M) = = 
(n/2)x(M) for an odd n also. 

This number (n/2)x(M) is an integer for any closed M. (The assertion that Fi{M) 
is an integer follows also from the equality which holds for any closed even-dimensional 
Riemannian [M^qm)'- 

Ej(-1)^0(M,.) = 5:j(-l)^Cn-,(M,.) = (n/2)^(-l)^-0(M,.) = 0, 

because Cj(M, s) = Cn-j(^, ■?).) 

2. Let A G Spec (A,^j(M, Z)), /i G Spec(Aj(L)) and let mx^j; M^, Z), m^{i]L) be 
their multiplicities. If A 7^ and /i 7^ then we have 



(2.154) 



^ (-1)^+^ (j + (j; M., Z)m,{i- L) = 0, 



since the subcomplexes (V^* (M^, Z) , rf) {DR' {M^, Z) ,d) and (^V^*(L),rfj 
{DR*{L), d), corresponding to the A-eigenforms for Aj, ,(M, Z) and to the /x-eigenforms 
for A,(L), are acyclic. If A 7^ but fi = then the right side of (2.154) is equal to 



J2 (-1)' Jmx ir, M,, Z)) [Y^ i-iy dim Ker A,(L)) == x(i^) E (-1)' J^a (j; M,, Z) . 
So under the conditions of 2, by using (1.37), we have 
E(-irjC,,(M, xL,ZxL) 



s=0 



x{L)Y.{-iyKuAMu,Z) ^^^ + x{M.,Z)Y^{-iyjQ{L)^^^, (2.155) 
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(-1)^ J dimKer (A^,^- (M^ xL,Z xL)) = 

= x{L) J2 (-1)' J dimKer (A,,,- (M,, Z)) + x (M,, Z) ^ {-ly j dimKer (A,(L)) . 

(2.156) 

The equality (2.147) follows now from (2.155) and (2.156). 

3. The numbers Fi {M^, Z) and Fi(Mj^, Z U K) are the sums of the integrals over 
Ml, M2, N, and dM of the locally defined densities (as it follows from (2.152) and 
from Theorem [3.21 ). The densities, corresponding to the pairs {M^, Z) and {M^, Z U 
K), differ only on K. So the difference Fi(Mj^, Z) — Fi{M^, Z U K) depends only on 
K and on qm near K. Thus taking into account that qm is a direct product metric 
near K, we get 

2 (Fi (M„ Z) - Fi (M„ Z U TT)) = Fi(ir x /) - Fi (iT x (/, dl)) (2.157) 

for any fixed metric on K in all the terms of this equality. 
According to (2.147) we have 

F,{K X /) = F,{K)xiI) + Fi{I)x{K), 
Fi {K X {I,dl)) = F^{K)x{I^dI) + F^{I,dI)x{K), (2.158) 
Fr{K xI)-F,{Kx (1,01)) = 2Fi(K) + xiK) {F^{I) - Fi(/,9/)) . 

Since Ci(s; /) = Ci{s; I, dl) (on the same I) we have 

Fr{I)-F^{I,dI) = -Ci(/)[^^ + Ci(/,5/)L^o + dimiJ^(J,9/) = 1. 

By (2.157) and (2.158) we get 

Fi(M„ Z) = F,{M,, ZUK) + F^{K) + 2-'x{K). 

4. The number Fi(My,Z) is the sum of the integrals over Mi, M2, A^, and over 
(9M of the locally defined densities. (It is a consequence of Theorem 3^). So the 
densities on M^, A^, and on dM CiMj are the same as for the number Fi (Mj_^\ ^j^"*)' 
where Mj^'* := Mj Mj, zf^ := Zj U Zj, and fi'^^(2) are mirror symmetric with 

i 

respect to A^ (the i/-transmission boundary conditions are given on A^ Mf) and 
5'^(2)|m, = guWy Thus we have 



2Fi(M„Z)= 



(2) 


i=i,2 
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Since pairs (^Mj'^\ -^j^"*) are mirror symmetric with respect to A^, it follows from (2.54) 
and (2.55) that 

Fi (MjJ, ) = Fi (Mf , ) = Fi(M„ Z,) + Fi {M„ Z, U N) , 

(2.159) 

Fi(M,, Z) = 2-1 5] (Fi (M,, Z,) + Fi (M„ U N)) . (2.160) 

The equality (2.149) follows from (2.148) with M = Mj, Z = Zj, K = N, and 
u = (1, 1) and from (2.160), because Fi(M^-, Zj) = Fi{Mj, ZjUN) + Fi{N) + 2-\{N). 
Thus Proposition |2.22| is proved. □ 

The analytic torsion Tq {My, Z\ m) (where Z C dM is a union of some connected 
components of dM, m := [6'/27r], 9 ^ 27rZ) is defined as the product of the norm 
IMIdetH*(M^ z) (given by the natural norm on harmonic forms for A'(Mj,, Z)) and of 
the scalar analytic torsion T{My, Z; m): 



To{My,Z-m) := |H|^^,^.(^,^_^) T (M,, Z; m) . (2.161) 



The analytic torsion Tq {M, Z]m) is the norm T (M, Z; m), where 

the norm on the determinant line is given by the harmonic forms for A,{M,Z). 
(If N is the interior boundary and if qm is a direct product metric near then 
To (M, Z; m) = Tq (Mi^i, Z; m) according to Proposition |rTT].) 

Theorem 2.1. 1. Let M he obtained by gluing two pieces along N , M = Mi VJn M2, 

where N is a closed of codimension one submanifold in M with a trivial normal 
bundle TM\jsf/TN and qm is a direct product metric near N and near dM. Then 
for z/ G \ (0, 0) the following gluing formula holds: 

^TTo{My,Z-m): = 

= (-1)'"^(^)To (Ml, Zi UN-m)® Tq (M2, Z2 UN-m)^ To{N- m), (2.162) 

where the identification of the determinants lines is defined by the short exact 
sequence (1-14:) of the de Rham complexes and by Lemma pTTl , Zj. := Z (1 dMk- The 
factor TQ{N;m) := Tq{N) is independent of m (according to Proposition |2.22| 1). 

2. Let K C dM \ Z be a union of some connected components of dM. Then the 
formula holds for gluing K and {My, Z U K): 

ifauTo {My, Z; m) = (-1)"^^^^) Tq {My, ZUK;m)® To{K; m). (2.163) 
Here the identification ipan is defined by the short exact sequence (analogous to (1.2Q)): 
^ DR* {My, ZUK)^ DR' {My, Z) DR'{K) (2.164) 
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(the left arrow in (2.1Q4:) is the natural inclusion and the right arrow is the geomet- 
rical restriction) and by Lemma |1 . 1| . The factor Tq{K] m) := Tq{K) is independent 
of m. The analogous formula holds for gluing K and (M, Z U K): 

ipanTo (M, Z; m) = Tq (M, ZUK;m)(^ To{K), (2.165) 

where (pan is defined by the short exact sequence (2.16A) with Mi, replaced by M. 

Proof. 1. For Tq (Mj^, Z) := Tq {M,^, Z;0) the following gluing formula holds (ac- 
cording to (1.12) and to Lemma [L^): 



(/^r^o (M,, Z) = To (Ml, Zi U AT) ® To (Ms, U A^) ® To{N). (2.166) 

By the definition of F {My^ Z) we have 

To (M„ Z-m + l)= exp (-27riT (M„ Z)) Tq (M„ Z- m) . 

(Analogous equalities are true for To (Mj, Zj U N;m). The differences Fi {M^, Z) — 
F{My, Z), Fi{Mj, ZjUN)-F{Mj, ZjUN), and Ti(A^)-T(A^) are integers and Ti(A^) 
is an integer (according to Proposition p.22| 1). Hence (2.162) is a consequence of 
(2.149) and (2.166). 

2. The gluing formula holds for To(M, Z) := To(M, Z; 0) according to (1.18) (The- 
orem |r|): <panTo{M,Z) = To{M,ZU K) ® Tq{K). So the gluing formula (2.165) 
follows from (2.148) since To(M,Z;m + 1) = exp {-2'KiF{M, Z))To{M, Z;m) and 
since the difference Fi[M, Z) — F{M, Z) is an integer. 

Let C M be a disjoint union A^i U N2 of two closed codimension one submani- 
folds of M with trivial normal bundles and let the z/j-transmission interior boundary 
conditions be given on Nj. Let M = Mi Un-^ M2 and let N2 C Mi. Under these 
conditions, the equality (1.12) and the assertion of Lemma are also true. Their 
proofs are similar to the given above. The resulting formula is 

ifl^To (M,,,,„ Z) = To (Ml,,,, Zi U iVi) ® Tq (M2, Z^ U iVi) ® To(iVi). (2.167) 

(Here Z C dM is a union of some connected components of dM, Z^ = Z Ci dMk 
and qm is a direct product metric near Nj and dM.) As a consequence of (2.167) 
(obtained by the same method as Theorem |1.2| is obtained from (1.16) and (1.17)) 
we get the following equality 

^anTo (Ml,,,, Zi) = To (Ml,,,, Zi U A^i) ToiN,). (2.168) 

The equality (2.163) follows from (2.168) (where Mi,,,, Zi, Ni are replaced by M^, 
Z, K) and from (2.148) since To (M„ Z; m + 1) = exp (-2mF (M„ Z)) To (M,,, Z- m). 
Theorem |2.1| is proved. □ 
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Proposition 2.23. Let M = Mi Un M2 be obtained by gluing along N and let the 
u -transmission boundary conditions ('z/ G \ (0, 0) ) be given on N. Set n := dimM. 
Then the number Fi {M^, Z) for the scalar analytic torsion T {M^, Z; m) is expressed 
by 

Fi {M„ Z) = (M,, Z) = (M, Z) . (2.169) 

The number F {My, Z) := J2 jCi(O) is as follows: 

F (M,, Z) = J2 (-1)' (-J + 2"'n) dimH^ (M,, Z) . 



Proof. 1. Proposition |2.^ claims tliat x{Mu,Z) (i.e., the Euler characteristic 
J2{—^y dim {DR{M,^, Z))) is equal to the Euler characteristic for the finite- 
dimensional complex {C {Xy, Z n X) ,dc). Note that dimC^{X,ZnX) is equal 
to dimC^' {Xy,ZnX). Hence x{Mu, Z) = j:{-iy dimC^' (X, ZnX). This sum is 
equal to x{M, Z) by the de Rham theorem ( |[R|j|| , Proposition 4.2). Thus x {M^, Z) = 
X{M,Z). 

2. According to (2.149), the gluing formula holds: 

Fi (M„ Z) = Fi (Ml, ZiUN) + Fi (M2, U A^) + Fi(iV) + 2-'xiN). 
For the Euler characteristics the analogous formula holds: 



X (M„ Z) = x{M, Z) = x{Mi,ZiUN) + x {M,, U AT) + x{N). (2.170) 

The number Fi{N) for a closed manifold A^ is equal to x(A^)(dim A^)/2 by (2.153). 
So Fi{N) + 2~-'^x(A^) = nx{N)/2. Let {M,gM) be a closed Riemannian manifold, 
mirror symmetric with respect to A^ = dMi, M = Mi Un Mi. Let gM be a direct 
product metric near A^. Then the equality Fi {Mi, N) = 2~^nx {Mi, N) follows from 
(2.153), which claims that Fi{M) = 2-^nx{M), and from (2.170). So (2.169) holds 
for pairs (M, Z), where Z = dM. For any union Z of some connected components of 
dM the equality (2.169) follows from (2.148) for K = dM\Z, as Fi{K) + 2~^x{K) = 
nx{K)/2, according to (2.153). The equality (2.169) for Fi {My,Z) follows from its 
particular cases for Fi {Mj, Zj U A^) by using (2.149) and (2.170). □ 

Corollary 2.10. 1. The analytic torsion TQ{My,Z;m) (defined by (2.1Q1)) is the 
following function of m = [d/2TT] (9 ^ 2tx'L): 

To {M„ Z; m) = (_i)™«x(m,z) ^^^^^^ ^2.171) 

Here Tq {M^, Z) := Tq {M^, Z; 0), n := dim M. 

2. The analytic torsion TQ{M,Z;m) is equal to T {M^.^^, Z;m) for Vq = (1,1) ac- 
cording to Proposition |1.1| . The formula (2.171) holds also for Tq{M, Z;m) , where 
To {My, Z) is replaced by Tq{M, Z) := To{M, Z; 0). 
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Let (M, qm) be obtained by gluing two Riemannian manifolds Mi and M2 along 
a common component of their boundaries, M = Mi Un M2. Let qm be a direct 
product metric near and near dM and let Z C dM be a union of some connected 
components of dM. The following main theorem is an immediate consequence of 
Theorems |1.4| , |1.5| and of Corollary p.lO| . 

Theorem 2.2 (Generalized Ray-Singer conjecture). 1. The analytic torsion 
Tq {My, Z] m) is expressed through the combinatorial torsion norm ( 1.62 ) as follows: 

To {My, Z- m) = 2>^(^*^)+>^W (_i)™«x(Af,z)/2 ^^^^ 

(where m = [6/27t], 9 ^ 27rZ is the phase of a cut of the spectral plane C 3 A and 
n = dimM). 

2. The analytic torsion Tq{M, Z; m) is expressed through the combinatorial torsion 
norm: 

To(M, Z; m) = 2^^^"^'^ ^_l^mnx{M,Z)/2 ^^^^^ 



Remark 2.11. The combinatorial torsion norms tq{M, Z) and Tq {M^^^, Z) (where uq = 
(1,1)) on the determinant line det H' {My,^, Z) = det H'{M,Z) are different, if 
x{N) 7^ (by Remarks |1.7| and |1.9| ). The canonical identifications H* {My^^, Z) = 



Ker (A*) = H*{M, Z) are given by Proposition |1.1| and by the de Rham 



Ker (A:^ 
theorem. 

3. ZETA- and THETA-FUNCTIONS for THE LAPLACIANS with //-TRANSMISSION 

INTERIOR BOUNDARY CONDITIONS 

3.1. Properties of zeta- and theta-functions for //-transmission boundary 
conditions. Let M be a compact manifold with boundary obtained by gluing mani- 
folds Ml and M2 along a common component of their boundaries, M = Mi U^v M2 
{N C M is a closed codimension one submanifold of M with a trivial normal bundle 
TM\n/TN). Let QMhea direct product metric near A^ = OxA^-^/xA^-^M. Let 
the Dirichlet boundary conditions be given on a union Z of some connected compo- 
nents of dM, the Neumann ones be given on dM \ Z and the //-transmission interior 
boundary conditions (1.27) be given on N. 

The operator A* is originally defined on the set D (A*) of all the pairs of smooth 
forms uj = {001,002) e DR' (Mi) © DR' (M2) such that the Dirichlet boundary 
conditions hold for 00 on Z, the Neumann boundary conditions hold on dM \ Z 
and the interior boundary conditions (1.27) hold for 00 on A^. Let Dom(A*) be 
the closure of the D (A*) in {DR*{M))^ in the topology given by the graph norm^^ 



*^The L2-completion {DR'{M))^ of DR'{M) coincides with the La-completion of DR* (Mi 
DR' (M2). 
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||a;||2 + ||A*a;||2 =: ||<^||gTOp/i- "^^^ closure of the operator A* (with respect to the 
graph norm) is an operator with the domain of definition Dom(A*). If 00 j — > a; in 
the graph norm topology, ujj £ L>(A'), then A* (a;) is defined as lim^ A,^a;j in the 
Ls-topology in {DR'{M))^. 

Theorem 3.1. 1. The operator A* with the domain Dom (A*) is self-adjoint in 
{DR^M))^. Its spectrum Spec (A*) C M+ U zs discrete^^ 

2. Its zeta-function is defined for Re s > (dimM)/2 by the absolutely convergent se- 
ries (including the multiplicities) := Z^AjeSpec(A;)\o '^J*- This series converges 

uniformly for Re s > (dimM)/2 + e (for an arbitrary e > Q). The zeta-function 
Ci/,, can be contunued to a meromorphic function on the whole complex plane with at 
most simple poles at the points sj := (j — dimM)/2, j = 0, 1, 2, . . . . It is regular at 
s = 0,l,2,.... 

3. The residues rcSs=s^. C,(s) and the values C,y^,{m) + 5mfi dimKer (A*) are equal to 
the sums of the integrals over M, dM, and N of the densities locally defined on these 
manifolds. 



Proposition 3.1. 1. Let A ^ Spec (A*). Then the resolvent G\{v) := (A* - A) , 
: {DR'{M))2 ~ Dom(A*) ^ {DR'^M))^, is the isomorphism (in algebraic 
and topological senses) onto the closure Dom(A*) of D {AD with respect to the graph 
norm.*^ The operators G* (z^) for pairs (A, u) such that A ^ Spec (A*) form a smooth 
in (A, I/) family of bounded operators in {DR'{M))2. 

2. The families d o G\{u) and 5 o G'^iy) for A ^ Spec (A*) form a smooth in (A, u) 
family of bounded operators {DR'iM))^ {DR'^^iM))^. 



Theorem 3.2. 1. The operator exp (— tA*) in {DR'^M))^ for an arbitrary t > 
is of trace class. For its trace the asymptotic expansion (2.87) (relative to t ^ +0j 
holds. The coefficients f- dim M+j of this expansion are the sums of the integrals over 
M, dM, and N of the locally defined densities. If j 7^ dimM + 2m, m G Z+ U 0, the 
densities on M, dM, and on N for f^dimM+j (ire the same as for 

r((dimM-j)/2)res,=,,C.,.(s). 

If j — dimM + 2m, m e Z+ U 0, these densities are the same as for 

{m\)-\-ir (C.,.H + 5^,0 dim Ker(A')) . 

2. Let pi: {DR'^M))^ {DR'iMi))^ ^ {DR'iM))^ be the composition of 
the restriction to Mi and of the extension by zero of L2- forms. Then the operator 

spectrum is discrete if it consists entirely of isolated eigenvalues with finite multiplicities. 
^^The topology on {DR*{M))^ is given by \\w\\l, and on Dom(A*) it is given by \\i^\\'graph- 
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Piexp(— tA*) in {DR*{M))^ fort > Q is of trace class. For its trace the asymptotic 
expansion relative to t ^ +0 holds 

Tr (pi exp(-tA-)) = g_„t-"/2 + . . . + q^f + q^t^/^ + . . . + q^t^/^ + ^^(t), (3.1) 

where rm{t) is O (t^"^^^y^^ uniformly with respect to v and it is smooth in t for t > 
(n := dimM). The coefficients qj are equal to the sums of the integrals over Mi and 
over dMi = N U [dM fl Mi) of the locally defined densities. The coefficients qj in 
(3.1) depend only on (j, Mi, qmItmi, Z fl dMi, N, u) and do not depend on M2 and 
Z n dM2, gM\TM2- 

3. For any t > the traces of exp (— tA*) are bounded uniformly with respect to 
z/ G \ (0,0); 

|Trexp(-tA*)| < C(t). (3.2) 

The traces Tr {pj exp (— tA*)) are also bounded uniformly with respect to v for any 
t > 0. 

Proposition 3.2. 1. The kernel E'^^ x-zi^) /^^ ^^P (~^^*) (where t > 0) is smooth 
in Xj G Mr^, t, and m i/ G \ (0, 0). 

2. The asymptotic expansions (3.1), (2.87) are differentiable with respect to u E 
M2\ (0,0). 

3.2. Zeta-functions for the Laplacians with z/-transmission interior bound- 
ary conditions. Proofs of Theorem |3.1| and of Proposition |3.1| . Let A be 



an elliptic differential operator on a manifold with boundary (M, dM) . Let the dif- 
ferential elliptic boundary conditions be given for A on dM such that A with these 
boundary conditions satisfies Agmon's condition (formulated below) for A from a sec- 
tor 61 < argA < 62 in the spectral plane C 3 X. Properties of zeta-functions for A 
with these boundary conditions can be investigated with the help of the parametrix 
for {A — A)^^. The analogous statement is true also for elliptic interior boundary 
conditions. The parametrix PJ^ for (A* — A)~^ is defined locally in coordinate 
charts. Namely 

pr = T.^jp;:u,^v (3-3) 

where ipj is a partition of unity subordinate to a finite cover {Uj} of M by coordinate 
charts, ^jjipj = ifj, ipj G C^{Uj). If Uj n {dM U A^) = then the operator P;;;^^^ is 
a pseudodifferential operator (PDO) with parameter A ( [^h| , Chapter II, § 9) and 



50 r 



Theorem |3.l| is analogous to the results of [sclj, [pc2| with modifications connected with the v 



transmission interior boundary conditions. In |Sh], Ch.II, the theory |3cl|, |3c2| of the zeta-functions 



is written in detail in the case of a closed manifold. 
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its symbol is equal to 6{^,X)s(m) ((A* — A) {x,^,X). This symbol is defined as 
follows. Let s(A* — A) = ((62 — A) id +61) {x,^) be the symbol of A* — A (where A* 
is the Laplacian on DR* {Uj)) and let 

s((A--A)-i) := «-2-,(a:,e,A) 
iez+uo 

be the symbol of (A* — A)^^ as of a PDO with parameter (a_fc is positive homoge- 
neous of degree —k in (^C,, X^^'^^)- Set S(„i) ((A* — A)~^) := Z^jLo '^-2-i(^5 '^)- The 
condition s{A* — A) o s ((A* — A)~^) = 1, where o is the composition of symbols with 
parameter ([pTif, § 11.1), is equivalent to the system of equalities 

a_2(a;,^, A) = (62 - A)"\ 
a-3 = -ih - X)-'[bia_2 + E^€.^25..a-2], (3.4) 

i 

a-2-j = -ip2 - ^Djb2-id2a_2-i- 

The sum in the last equation of (3.4) is over {'y,i,l) such that 7 = (71, . . . ,7„) G 
(Z+ U 0)", I7I := 71 + ■ ■ ■ + 7„, < I7I < j for bj, I7I + i > 1 (£> := r^d). The 
function 9{^, A) (in the symbol of P™) is smooth, 9{^, A) = 1 for + |A| > 1, and 
9 is equal to zero for + |A| < e. 

Let Uj n N ^ 0. Then the term of the parametrix is the sum of the interior 
term (which is a PDO with parameter and its symbol is defined with the help of 
(3.4)) and of the correction terms. (Here U := Uj.) The latter terms correspond to 
the i/-transmission interior boundary conditions on N and to the Dirichlet and the 
Neumann boundary conditions, given on the connected components of dM. First of 
all we'll verify that these i/-transmission boundary conditions are Agmon's conditions 
on any ray arg X = (p in the spectral plane not coinciding with M+. 

Let (t, y) e I xUn he the coordinates onU := Uj near N = OxN'^IxN'-^M, 
I = [—2,2], and let t > on Mi. From now on it is supposed that ipj{t,y) = 
{pjj{t)(pj^N{y) and that (Pjj(t) = 1 for |t| < 1. It is supposed also that ■i/jj(t,y) = 
ipjj{t)'ipj^N{y) and that ipjj, ipj,i are even functions: ipjj{—t) = ipjjit), ipjj{—t) = 
ipjjit). The forms dy'' and dt dy^ (where c = (ci, . . . , c„_i), / = (/i, . . . , /„_i), Cj, fi E 
{0, 1}) provide us with a trivialization of A'TM\ixUn- Namely Uj = J2\c\=»^j,cdy'^ + 
E|/|+i=.c^j,(i,/)C?tc^l/-^. Let UJ = (u;i,u;2) e D{Al) C DR*{M^). Then on Un = 
X Un ^ I X Un the conditions uj G -D(A*) can be written as follows. Set = 
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(q;2 + P'^y/^. Let C be the transformation (i > 0) 

vi.cit, y) := y) - /3cj2,c(-t, y)) , 



wi,(i,f){t,y) 



iy\ (/3c^i,c(t, y) + acj2,c(-i, y)) 



^ + /3w2,(i,/)(-t, y)) , 

{-P^^i,{i,f){t,y) + auj2,(i,f){-t,y)) 



(3.5) 



Then the conditions cu e L> (A*) are equivalent on C/^r to 

t^i,c(0,i/) = 0, m;i,(ij)(0,|/) = 0, 



t=0 



= 0, 



dtW2,il,f) 



t=0 



= 0. 



(3.6) 



The inverse to (3.5) transformation £ ^ is 

T-lf ^1 



i02,c{-t,y) 



(f V) ( ^2,(1,/) (-t, I/) 



q; —P 
(3 a 



Agmon's conditions on a ray / := {arg A = 99} in the case of //-transmission bound- 
ary conditions claim that for (^', A) ^ (0, 0) and A e I the equation on ]R+ 9 i 



(-a^^ + 62 (y, O - ^) v{t) = 0, 'f;(i) ^ for i ^ +00 



(3.8) 



has a unique solution for each of the initial conditions Vt=Q = vq or dtv\t=Q — vi. 
(Here ^' are dual to y and b2{A]\[) = b2{y,i')id is the scalar principal symbol of 
on C/jv-) Agmon's conditions for the i/-transmission boundary value problem are 
satisfied on each ray arg A = (p not coinciding with M+ because the equation (3.8) 
with each of the initial conditions given above has a unique solution for any A ^ 1R+, 
(r,A)7^(0,0). 

It is convenient to compute the contribution to PJ^^ from i/-transmission bound- 
ary conditions in the coordinates VjAt,y), Wj^{ij){t,y) defined by (3.5) with t > 
0. (Then the z/-transmission boundary conditions are transformed into the con- 
ditions (3.6).) These contributions are defined with the help of the symbol d — 
Sjez+uo d-2-j(t, y, r, A), which is the solution of the equation^^ 



{-d^ + {b2{y, O - A) id +b,{y, O) o dit, y, r, A) = 



(3.9) 



51 



Here b2{y,£,')id+bi{y,^) is the symbol s(A^) on Un of the Laplacian on DR*{N) for the 



components cotan,N{t,y) and on DR* (N) for lj. 



'■N 

norm.N 



{t, y). The variable r is dual to t. 
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(with the composition o of symbols of {y,C,') in it). The equation (3.9) holds for 
t ^ 0. The boundary conditions for (3.9) are: d^k — * as |t| oo and 



dt {Cd_k)2c 



t=o 



t=o 



k)l. 



t=0' 



--IT {Ca_k] 



2,c 



i=0 



dt {Cd_k)2,{ij) 



t=o 



t=o 



■-ir (£a_fc)2 (^j) 



Here the transformation C acts on the columns of the matrix valued functions d, 
a (depending on t and on r).^^ 

The equation (3.9) is the recurrent system 



1 



-d^d.k + (&2 - A)d_fc + -DjAd^yd.^ = 0, 



7! 



(3.11) 



where the sum is over m < k and 7 such that m + I7I + 2 — z = /c, < I7I < z for 6j. 

For t = the symbol d^^ over Mj fl Ujsf is positive homogeneous of degree {—k) 
in (r, A^/^). The boundary contribution to PJ^^ is an operator Dm corresponding 
to^3 ^i(^, A) J2T=o d-2-jit, y, r, f , A). This operator acts on / G DR*{Rt x 



that supp / n (0 X 



as follows: 



l"^-^) such 



„ „ m 

(P„/)(y,t) = (27r)-"//exp(2(y,r))E^i^-2-,(t,2/,r,r,A)(-F/)(r,nrfe'rfr (3.12) 

(where (^/)(t, ^') = // exp (— i (tr + (x, ^'))) f(t,x)dxdt is Fourier transform of /). 
The term of the parametrix, corresponding to U (if f/ fl 7^ 0) is defined by 



pm 



(3.13) 



where Px.mt is the PDO with the symbol S(^rn)(t,y,T,^', X) defined by (3.4) (x is 
replaced by {t,y) and ^ = (r,^')). 

For Uj n (9M 7^ the boundary term in P^u. for the Dirichlet or the Neumann 
boundary conditions on the connected components of dM is defined similarly. 

The following assertions are true: 

1. For m > n the operator (A* — A) — id (where (A* — A) acts on the restric- 
tions of forms to Mi and to M2) has a continuous on Mj^ x Mj^ kernel which is 

O (^(1 + lAI^/^)""™^ for A G Ae := {A 7^ 0,£: < argA < 2n - e}, where vr > £ > is 

fixed (ll Selll , Lemma 5, p. 901). This estimate is satisfied uniformly with respect to 



u since the families d-2-j are smooth in z/ G \ (0, 0) and since the estimates for 



^^Note that the function a-2-j(t, y, t, A) is continuous in N and nonsingular for A ^ M+ and 
(r, A) ^ (0, 0, 0). (It is also independent of t for \t\ small enough.) So the right sides of (3.10) can 
be simplified for a_fc. In (3.9)-(3.11) it is used that qm is a direct product metric on J x ^ M. 

^^9i{C,X) e C°°(]R"-i X C), 6*1 = for [^'p + |A| < e and 61 = 1 for [^f + |A| >l;n:= dimM. 
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Cd_2-j by ||Sel|| , (29), p. 900, are uniform with respect to z/ 7^ (0,0). 

2. Let m > n and z/ = (a,/5) e \ (0,0). Let Aj := A{Mj,N) be the same as 
in (2.97) and (2.99) and Rj be the geometrical restrictions to C dMj of forms on 
Mj. Then the operators 

\v\-\aR^ - f3R2)Pr, W\-\f3A^ - aA2)Pr, 

\iy\-\aRiS - (3R2S)Pr, \u\-\(3Aid - aA2d)P;^ 

have smooth kernels on x Mj which are O ((1 + |A|i/2^" for A G Ae, where 

TT > £ > and e is fixed (| Sel |, Lemma 6). These estimates are uniform with respect 
ioueM?\ (0,0). 

3. Set5i,^:= \u\~^{aRi-(3R2): ®jDR'(Mj) ^ DR*{N). Letpy. [0,l]xA^^Ar, 
P2'- [—1, 0] X A^ — A^ be the natural projections. The operator 

gi,, : DR'{N) ^ ®DR'{M^), qi,,M := V(t)(«Pi^JV, -/3p*2^n) (3.14) 

(where ip(t) G C^{I), ip{t) = 1 for t G [—1/2, 1/2]) is the right inverse to Bi^i, since 
Bi,u(li,u = id. The analogous right inverse operators qk,u are naturally defined for 

Bk,u 

B2,u:=W\'\PAi-aA2), B^,, := \u\~\aRiS - PR25), ^ ^ 

, , 1 , X (3.15) 

B^^^:=\u\-\(3Aid-aA2d), 

Bi,uqj,u = Sij ■ id. (3.16) 

For instance, q^^u o un := e\h'\^^ip{t)t {adt A pIujn, —f3dt A P2UJn), s = ±1- Set By := 
(Bj y), q^ := (qj^u), and g^-Bi. := (qj^uBj^u)- For m > n the operator is defined^^ 

i?^ := - g.5,Pr . (3.17) 



It maps (according to ||Sel|| , Lemma 12, p. 912) C°° -forms 00 G DR'{M), suppcoiflA^ = 
0, to C°°-forms on Mj. Moreover P^ : DR'{M\N) D (A*). 

4. For m > n and A ^ R+ U the operator Rx can be continued to a bounded 
operator in {DR'{M))^, Rx : {DR'{M))^ Dom(A'). 

Indeed, for any fixed differential operator F of order d = d{F) < 2 the operator 

FRx is bounded in {DR'[M))^ with its norm O (^(1 + in a sector A G 

(tt > e > and e is fixed) according to ||Sel|| , Lemmas 7, 13, 14. This estimate is 
uniform with respect to G \ (0,0). The continuation of Rx to {DR*{M))^ is 



^'^For simplicity we'll suppose from now on here that dM = 0. For the Dirichlet or the Neumann 
boundary conditions on the components of dM the appropriate terms have to be added to i?™. 
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as follows. If ojj G DR'{M \ N) and Uj — in {DR*[M))^ then R\ujj converges 
in {DR*{M))2 and Rxu is defined as its limit. We see that RxUj G D (A*) and 
(A* - A) Rxujj converges in {DR'{M))^. Hence Rxu G Dom (A*). 

5. The operator Gl{u) := (A* - X)'^ : {DR'{M))^ Dom(A*) exists^^ for 
A G Ag := {A 7^ 0: £ < argA < 27i — e} and |A| sufficiently large. Its operator norm 
is 0(|A|^^) for such A uniformly with respect to G \ (0,0) ( |[Sel|| , Lemma 15). 

6. The Laplacian A* is a closed unbounded operator in {DR'lM))^ with its 
domain of definition Dom (A*). Actually, if {ui} C Dom (A*) and if the limits 
limjMj =: u and lim^ ((A* — A) Mj) =: v exist in {DR*{M)),^ then for sufficiently 
large A G A^ we have u = limj (?•(//) ((A* — A) Wj) = Gx{i^)v G Dom (A*). Hence 
(A* — \)u = (A* — A) (G'*(z/)f) = V, i.e., the operators A* — Aid and A* are closed 
in {DR*{M))^. The operator A* is defined on Dom (A*). It is a self-adjoint un- 
bounded operator in {DR*{M))2- Indeed, the domain of definition Dom ((A* — A)*) 
of the adjoint operator (A* - A)* in {DR'^M))^ is the set oi v e {DR'^M))^ such 
that the linear functional ((A* — A) cj, v) is continuous on Dom (A*) 3 uj in the L2- 
topology of {DR*{M))2- If f G Dom (A*) then for any uj G Dom (A*) we have 
((A* — Ao) cu, f ) = (cij, (A* — Ao) f ) for Aq G Indeed, for each u and v from 
Dom (A*) there exist sequences {ujj} and {vj} of elements £) (A*) whose limits in 
the graph norm topology are u and v. Hence we have 

lim (Aycu,-, f )„ = limlim (A,^c<jj, t>j)„ = limlim (u;,-, Ayt>j)„ = {ujjAj^v)^. 

j j i i i 

So ((A* — Ao) M, f ) is a continuous linear functional on Dom (A*) 3 u with respect 
to the L2-topology of {DR'^M))^ for any v G Dom (A*). Hence Dom (A*) C 
Dom ((A' - Ao)*) and (A^ - Aq)* v = {K - Ao) w for v G Dom (A'). 

Let Ao G M_ and |Ao| be sufficiently large. Then for any w G Dom ((A* — Aq)*) 
there exists an element v G Dom (A*) such that (A* — Aq)* w = (A* — Aq) v = 
{Al-Xo)*v (since Im(A* - Ao) = {DR'iM))^). Sow-ve Ker ((A* - Aq)*) and for 
any u G Dom (A*) we have = {u, (A* — Aq)* {w — v)) = ((A* — Aq) u,w — v). Then 
w - t; = 0, as Im (A' - Aq) = {DR'^M))^. Hence Dom ((A* - Aq)*) = Dom (A') = 
Dom ((A*)*), and A* is a self-adjoint unbounded operator in {DR'^M))^. 

The operator A* is nonnegative, (A'u;, uj)2 > for any u G Dom (A*), since there 
exists a sequence {ujj}, uj G D (A*), such that its limit in the graph norm topology 
is u. So we have limj (A'cj^, ujj)^ = limj{duUJj, dyUJj)2 + \iv[ij{5yUjj, 5uUjj)2 > 0. 

7. The spectrum Spec (A*) of the operator A* is discrete because the operator 

(A: - A) (A: - Ao)-' = id+ (A: - Ao)-' ■ (Ao - A) 

^^This means that A* — A maps Dom'(A^) one-to-one to {DR'{AI))^. It is equivalent to the 
existence of (A* - \)-^ : {DR'{M))^ Dom(A*), (AJ - A) o (A* - X)-^ = id on {DR'{M))^. 
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differs from the identity operator in {DR*{M))^ by a compact operator. Here, Aq G Ag 
and |Ao| is large enough. The assertion 5 above claims that (A* — Aq)"^ exists for 
such Aq. The operator Gx^^i^u) := (A* — Ao)~^ is compact since it is bounded in 
{DR*{M))^ and since the operators / — (A* — Xq) BJ^^ (for m > n) and i?^ are 
compact in {DR'^M))^ ( [|Sel|| , Lemmas 4, 5, 9 (w)). So the operator 



(A: - Ao)-^ = RZ + (A: - Ao)-^ (/ - (A: - Ao) RZ 

is compact in {DR*{M))^. Since Gxf^^u) is a compact operator for Aq G A^, |Ao| >> 1, 
and since A* is a closed operator in {DR*{M))^, it follows that A* is an operator 
in [DR*{M))2 with compact resolvent. So (according to |Ka|, Ch. 3, Theorem 6.29) 



its spectrum Spec (A*) consists of isolated eigenvalues with finite multiplicities (i.e., 
Spec (A*) is discrete) and the operator G*(i^) is compact in {DR'^M))^ for A G 
C \ Spec(A*). The operator A* is nonnegative. Hence Spec (A*) C M+ U 0. 

If Ao ^ Spec (A') then Ker (A' - Aq) = and Im (A' - Aq) = {DR'^M))^. Hence 
ind (A* — Ao) is equal to (as the index of the operator from (^Dom (A*) , |H|g,,.ap/j) 

into ((Di?'(M))2, IHI2)). The operator (Ao - A) id from Dom(A') into {DR^M))^ 
is compact (since GZ{v) is a compact operator in {DR'lM))^ and since it is a topo- 
logical isomorphism Gx^^u): {DR'^M))^ ^ Dom(A*)). So ind (A* — A) = for an 
arbitrary A G C (according to ||Ka|] , Ch. 4, Theorem 5.26, Remarks 1.12, 1.4). 

8. The operator (A*)~* for Re s > is defined by the integral 

^ X-^ {Al - Xy' dX =: r_,(z/), (3.18) 

where the contour F is 

{A = re*'', 00 > r > £:} U {A = ee"^, n > (f > -n} U {A = re"*'', e <r < 00}. 

Here the number e > is such that Spec (A*) fl (0,£:] = 0. The integral (3.18) is 
absolutely convergent (with respect to the operator norm ||-||2 in {DR*{M))^ because 

the estimate (A* — A)~"^ < C|A|~^ is satisfied as A —00 for A G So T_s('^) 
is a bounded operator in {DR'lM))^ for Re s < 0. 

For —k > Re s > —{k + 1), A; G Z+, the operator T_s is defined as A^'^^T_(^s+k+i)- 
Its domain is Dom(T_,) = {u e {DR'iM))^, T_(,+fc+i)Cj G Dom ((A')^'+i) }, where 

Dom ((A:)'=+^) := {00 G Dom (A^) , A> G Dom (A^) , . . . , (Al)' u G Dom (A',)} . 

The restriction T^^ of Ts to the orthogonal complement Lq of Ker (A*) in {DR'lM))^ 
is defined on Dom (t^^^ := D {T_s) fl Lo, := T.^Ilq. Then T_s is the direct 
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sum^^ of T° and of the zero operator on Ker (A*). Theorem 1 in [5e2] claims that the 
family T^^ of operators in the Hilbert space Lq for Re S2 > satisfies the equation 
T^si'^-S2 ~ -^-(si+s2) ^^^^ same is true for —si G Z+ and for each S2. This 



theorem claims also that 



T° = id on Lo, T^i = ({Aiy' Uo)' , for / G Z+, and T° = 



\L„ 



(the domain of T° is Dom(A*) fl Lq) and that for Re s > is a holomorphic 
function^^ with its values in a Banach space B{Lq) of bounded operators in Lq where 
the Banach norm is the operator norm as the norm. 

9. For Re s > n/2 the kernel of T^s{i^) is continuous on Mj^ x Mj^ and analytic in 



s ( |[Se2|| , Theorem 2(i)). For Re s > n/2 the zeta-function C,(s) is equal to the sum 
of integrals over the diagonals Mj ^ Mj x Mj {j = 1, 2) of the densities defined by 
the restrictions to these diagonals of the kernel T_s(z/), according to Proposition |3.9| 
below. So Cu,»{s) is holomorphic for Re s > n/2. 

The operator G*(z^) — Px^ for m > n (where is the parametrix (3.3)) is a 
bounded in [DR*{M))^ operator with a continuous on Mj^ x Mj^ kernel {r^)x^x2 



which is 



0[[l + \X\''Y'^'^'^^) (3.19) 



\ A JX\,X2 

as |A| +00, A G Ae ( [pel|] , Theorem 1, or also the assertions 5, i, 2, 7 above). So 



the operator 

f / \-^{Gl{u)-PT)d\ (3.20) 
277 Jr 

for Re s > (n — m)/2 is of trace class and its kernel is continuous on Mj^ x Mj^ and 
analytic in s. 

The trace of the operator (3.20) is holomorphic in s for Re s > (n — m)/2. Let 
us denote by K^^y{s) the kernel of the operator (V2vr) /p X~TJ^^^^dX (where PJ^^i^t '■= 
J24'jP\^Uj,intVj is a term of (3.3) and Px^u.^int is a PDO with symbol 9s(^m), defined 
by (3.4)). This kernel is continuous on Mj^ x Mj^ for Re s > n/2. Off the diagonals 
Mj ^ Mj X Mj it extends to a kernel which is an entire function of s G C equal to 
zero for (— s) G Z+ UO. The density on UjMj defined by the restriction of this kernel 
to the diagonals also can be continued to a meromorphic in s G C density. This 



^^If V E Lq and Re s > then we have T^gV G Lq since for h G Ker (A*) and A G F it holds 

= {v, h) = ((A: - A) Gl{v)v, h) = -A {Gl{v)v, h) 

and since the integral (3.18) is absolutely convergent. For h € Ker (A*) and for Re s > we have 
T^sh — because for such s the integral Jp A^*^^c?A is absolutely convergent and is equal to zero. 

Since T^sh = (A*)''+^ T_(,+k+i)h for -fc > Re s > ~{k + 1), we get T^sh = for all s. 

^^A function with the values in a Banach space is holomorphic in a strong sense if it is weakly 



holomorphic (|Ka|, Ch. 3, § 1, Theorem 1.37, p. 139) 
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density has at most simple poles at Sj = {n — j)/2 for (— Sj) ^ Z+ U 0, < j < m, 
and it is regular at Sj for (— Sj) G Z+ U 0. 

The residue at s = Sj is completely defined by the component a_2-j(a;, ^, A) of the 
symbol s ((A* — A)~^] ( ||Se2|| , Lemma 1 or |^h|| , Theorem 12.1). These components 



are given by (3.4). The value of this density at s = Sj for {—Sj) G Z+UO is completely 
defined by a-2-j (by the formulas (11), (12) in [pe2|| with changing of the sign in (11) 



to the opposite one). Here, j = n + 2m, m G Z+ U 0. 

The kernel K^^y{s) of the operator^^ (V27r) /p A^^P^.a^^A for Re s > n/2 is con- 
tinuous on X and analytic in s ( ||Se2|| , Lemma 4). Let {x,y) be off the 



diagonals or let either x or y be not from UjdMj D A^. Then K^y[s) is an entire 
function of s G C and it is equal to zero at s for (— s) G Z+ U ( [|Se2|| , Lemma 4). For 
Re s > ri/2 the densities defined by the restriction K^,^{s) of K^y{s) to the diagonals 
Mj are integrable over the fibers of the natural projections pi : [0, 1] x — and 
P2'- [— 1, 0] X — > A^. These integrals are densities on A^. They can be continued^^ to 
meromorphic on s G C densities (on A^) with at most simple poles at Sj = {n — j)/2, 
1 < j < m, such that {—sj) ^ Z+ U 0. Its residues at Sj for 1 < j < m + 1 are 
completely defined by a term d-2-j+i in d ( |^e2|| . Theorem 2{iv), formula (IIJ). The 
values of these densities at Sj for (— Sj) G Z+ U (where n < j < m + 1) are also 
completely defined by d_2-j+i ( [^e2|| , Lemmas 2, 3, 4, Theorem 2{iv), formula (IT) 



with changing of the sign to the opposite one). 

10. The kernel of the operator (3.20) is the difference of the kernels 

(T-sUy - {kT^{s) - Klyis)) . (3.21) 

For Re s > (n — m)/2 it is holomorphic in s and continuous on Mj^ x Mj,^. The term 

(j<[int _ j^d\ {^\ jg gq^a^i 2ero ior x y and (— s) G Z+ U 0. The term (T_s)xy 
V ■' x,y 

is equal to zero foixj^y and (— s) G Z_|. (according to the assertions of 8 above, 
since A* is a differential operator). We have (To)^;^^ = —'Hl y, where TC' is the kernel 
of the orthogonal projection operator in {DR*{M))^ onto Ker (A*) (the assertion 8). 
The properties of C,v,»{sY^ formulated in Theorem |3]2, follow from the assertions of 



^^^Here V„,^x = Y.^^]'^m.u{\i^)i^]- The operator V^^u from (3.13) is defined for [/ n 7^ by 
(3.12), (3.9), and (3.10). 

^^Let £'Dm,u{^, ^) be an operator acting on Clo as C {Vm.ui^, '^)^) (fo^' ^ ^ DR'{W^) such 
that suppw n M"^^ — 0, where R"^^ are local coordinates on N). AU the assertions about the 
kernels, analogous to y{s) in the case of £'D„i^u{^,'^), and about the corresponding densities 
in this case, are proved in | ^e2[ . Thus the transformation (3.7) provides us with all the assertions 
about the kernel K^y{s) (and about the corresponding densities) connected with 'Du^\{v). 

^"The values of Ci>,»(s) at (— s) e Z+and th e res idues of at s = Sj can be also expressed 



in terms of nonconimutative residues (| Wo | or |Kas|). The density on M whose integral over M 



is equal to a volume term in Res^^s^ can be written as 2 ^ res ^a;, A^^^^ Here res is a 
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9 and 10. The theorem is proved. □ 

Remark 3.1. The kernel (3.21) of the operator (3.20) is holomorphic in s and con- 
tinuous in {x,y) G M^-^ x Mj^ for Re s > (n — m)/2. It is equal to zero forxj^y 
at s = —k, k G Z+, and to — 'H*, ,^(z/) at s = 0. So the analytic continuations of the 

densities on Mj and on defined by the kernels (T_<.)^ and ffr*"*(s) — K^{s)] 

have the same residues at s = Sj, < j < m, {—Sj) ^ Z+ U 0, and the same values 
at s = Sj, {—Sj) G Z+, n + 2 < j < m. They differ at s = (i.e., for j = n) 
by the densities on Mj, defined by —'H*j.^{v). Hence the densities on Mj and on 
A^, corresponding to the residues and to the values at s = s^, < j < m — 1, of 

are the same for all the parametrixes Pj" defined by (3.3) (with 

different covers {f/j}, partitions of unity {v^j} subordinate to {f/j}, and {ipj}). 
And back, the values and the residues of the analytic continuation for the integral 
Oj(-^-s)) + ^s,o {}]^'{^)) -Sj, < j < m, are defined by an arbitrary 

parametrix P™. 



Proof of Proposition |3.1| . Let m > n := dimM, m G Z_|_, and A G A^. 
Then the parametrix P™ for G\{vY^ (defined by (3.17)) is a bounded operator^^ 

in {DR'{M))^ with its norm estimated by O (^(l + lAj^/^)"^^ for A G A^. It holds 

that Pa: {DR'^M))^ Dom(A*). For a linear differential operator F of order 
d = d{F) < 2 the operator PPa is defined on smooth forms u G DR*{M \ N) 
and its closure in {DR'lM))^ is a bounded operator in {DR*{M))2 with its norm 

estimated by O ((l + |A|^/^) ) for A G A^. (All these estimates are uniform with 



respect to G M \ (0,0).) The only terms of P^ depending on u are the terms 
V — qyByP'^{v), where^^ V = V^u) := —J2i^j1^m,Uj^j has the kernel with support 
in the neighborhood I x N of the interior boundary A^ "—^ M.^^ (The parametrix 
P™(z/) := P^int ~ ^(^) is defined by (3.13)). We need the following assertion now. 



noncommutative residue for the symbol of PDO Ag^;^. This symbol is defined with the help of 
the symbol ^a-2-j{x,£,,\) of (A* — A)~^ (|Sh], 11.2). The boundary term in ReSs=s^. C.(s) for 
{—Sj) ^ Z+ U is expressed similarly. 

^^The statement that G\{v): {DR'{M))^ Dom(A') is an isomorphism for A ^ Spec (A*) is 
proved in Theorem ^.1| . 

^^The terms P|™|j, ^jVm^Pj, and q^B^P^^ in i?™ are bounded operators with the same estimate 
of their norms in [P R' ( M))^ for A G (the proof of Theorem ^t| ). For the sake of brevity the 



proof of Proposition |3.l| is given in the case of dM ~ 0. 
^^Vrn = Vyn.,u, is defined by (3.11), (3.10), and (3.12). 

^^In the case dM ^ the terms connected with the Dirichlet and the Neumann boundary 
conditions are added to 'D[v). Then the corresponding kernel has its support in a neighborhood of 
dM in M. 
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Proposition 3.3. The operators T>{v) and q^Bi^P^lu) depend smoothly on u E 

\ (0, 0) as bounded operators in {DR*{M))2- For a C°°-map v = v?(7) : [—a, o] 
M^\(0, 0) the operator d^'D{v) is a bounded operator in {DR'^M))^ whose norm is uni- 
formly with respect to 7 estimated by O (^(-'^ + I^T^^) ^ Z^'" A G A^. Let F be a linear 
differential operator of order d = d{F) < 2 from DR*{Mj) into DR*^''{Mj) , A; G Z. 
ThenFV{v), Fd^V{v) are bounded operators from {DR^M))^ into [dR'^^{M))^ 

whose norms are estimated by O ^(^1 + |A|^/^^ "* ^ for A G A^. The operator 

{q^ByP'^'-ii')) is uniformly with respect to 7 estimated by O ^(^1 + |A|^/^^ ^ for 
AG A,. 



Proof. The kernel of the operator CipjVjn,UjVj^ ^ (where C = C{u) and C ^ are 
defined by (3.5) and (3.7)) has a support in {{Uj fl A^) x [0, 1])^. The operator Vm^Uj 
is defined in [Uj fl A^) x ]R_|_ by (3.11) and (3.10). The right sides of the boundary 
conditions (3.10) depend on v only by their dependence on L{v) (where L is the 
matrix defined by (3.7)). Since qm is a direct product metric near A^, a mirror 
symmetry (relative to A^) acts as the identity operator on the symbol Yl,0'-2-j{x,^) 
of the Laplacian A* on M for a; = (t, x') from the neighborhood I x N of N. The 
symbol J2 0^-2- jit, x', r, A) is independent of t for t G /. 

So the symbol CJ2ci'-2~j (for t G /) is expressed as LaL"^, where L and act 
on the components of a matrix valued functions in the coordinates Uj^c and 

ujj^(ij) as follows (according to (3.5)): 

(La)i,c;* = W\~~'^{a - /9)(a)c;* , (La)i_(ij).^ = |z/|"^(-/3 + a)(a)(ij).* , 
{La)2,c;* = W\~ (/5 + a)(a)c;* , {La)2,{ijy,* = W\~ (« + /?)(a)(i,/);* • 



The boundary conditions (3.10) (according to (3.22)) depend on u only by the 
matrix transformation whose coefficients are independent of [t, x') and smooth in u. 
This transformation acts separately on each homogeneous component a_2-j. The 
right sides in (3.22) are nonsingular in (x',r, A) for b2{x',T,^') — A 7^ (where 62 
is the principal symbol of the Laplacian on M for {t,x') G / x A^). Hence Lemma 2 
Self holds also for the symbol {'C-i^) J2d^2-j)- Thus the desired estimates for 



m 



the norm of d^Viu) in {DR'iM))^ and for the norms of FP(z/) and of Fd^T>{v) are 
consequences of Pel|| , Lemma 7. 

The operators qj^u (1 < j < 4) from (3.14) and (3.16) (for ip{t) even on t) can be 



100 S.M. VISHIK 

defined such that^^ 

where / G /(t) = 1 for t G [0, 1/2] and f{t) = for t > 3/4. The operators 

Bj and are independent of z/ G \ (0, 0) and correspond to and qj^y from 
(3.15), (3.16). (Here B2, -B3, -B4 are the operators (3.6) acting respectively on 
^i,c5 u^2,(i,/)5 W2,c-) These operators are such that Biqj = Sijid. 

The operator J^ljBjC {d^P^{i')) fC~^ is equal to Y,<ljBjC{—d.yV{i')f)C (since 
B'xint is independent of v). The operator BjC{d.yT>{v)) is defined on smooth 

forms oj G -D-R* ((0, 1) x N) and its L2-norm is estimated by O ^(^1 + |A|^/^^ ^ for 

A G (| |Sel|| , Lemma 7). The operators d^{quB^)P^-^^ are defined on smooth forms 

u G DR*{M \ N) and their operators L2-norms are estimated by O ^(^1 + |A|^/^^ ^ 

for A G uniformly with respect to u (according to [5el], Lemma 7). The proposition 
is proved. □ 

Let A G Ae and |A| be large enough. Then the Green function ^'(z/) can be 
represented by the series 

00 

Gl{u) = R^Y.iLx)\ (3.23) 

i=0 

where (Lf) := id - (A* - A) i^^;' is a bounded operator in {DR*{M))^ for A G 
As. The norm of L"^ in {DR'{M))^ is O ({l + \\\^/'^)"^^\ (where n := dimM) 



because the norm of (id — (A* — A)P™) is O ^(^1 + |A|^/^^ j and the norm of 
(A* - \)q^B^P;^ is O ((1 + |A|i/2A""™+2'\ (according to the proof of Theorem [XT] ). 



Hence if m > n + 2 and if A G A^ with |A| large enough then the series (3.23) is 
convergent with respect to the operator norm in {DR*{M))r^. The operator de- 
pends smoothly on z/ G \ (0, 0). The norm of d^^L^ is estimated hj O {l + l-^l^^^) 
(according to Proposition |3.3| ). Let v: [—a, a] ^ \ (0,0) be a smooth map. Then 
the series for d^G\{v) is convergent (in the operator norm) if A G A^ and if |A| is large 
enough. Hence for such A the resolvent G\{v) := (A* — A)^^ depends smoothly on 
7. So the family G'(z^) of bounded operators in {DR*{M))^ is smooth in (z/. A) for 
such A. Their operator norms are estimated by O (|A|^^) uniformly with respect to 
z/ G \ (0, 0). Let F be a linear differential operator of degree d{F) < 2. Then the 



^^The operator B,jP^{v) has a continuous on M x Mj^ kernel which is estimated uniformly 
with respect to (xi,X2) e (TVn M^J xMj,, and to v G ]R2\(o q) by O ((l + lAI^/^)""") for A e 



(|Sel|, Lemma 6). Such an estimate holds also for the kernel of q^B^P^[v). 
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operators FG*(z/) for such A are bounded in {DR*{M))^ with their operator norms 
estimated by O (^|A|*^°'~^^/^^ uniformly with respect to u. These operators depend 
smoothly on v for such A and we have 

d,FG\{v) = Fd,G\{u). (3.24) 

Hence for a given z/q G \ (0,0) there exists Ai G such that G\^{v) depends 
smoothly on u for v sufficiently close to vq. For A G C \ Spec (A*^^ the resolvent 
G\(yQ) can be represented as follows: 

G\{v,) = -(A - Ai)-i - (A - \{)-^R ((A - Ai)-\ G\^{v,)) , (3.25) 

where i? (^?7, G'^(z/o)) := i^'x^^i'id) — f]^ is the resolvent of a bounded operator 
Gl^{vo) in {DR\M))^ (^, Ch. IV, (3.6), Ch. Ill, (6.18)). The bounded opera- 
tor R{ri, B) is an analytic function of a bounded operator B and of r/ for r/ ^ Spec B 
(i.e., near {riQ,Bo), rjo ^ Speci?o, it is locally defined by a convergent double power 
series in [t] — 7]q) and {B — Bq)). The operator G\_^{i') depends smoothly on u for u 
sufficiently close to uq. Then it follows from (3.25) that G\{i>) depends smoothly on 
u for A G C \ Spec (A*) and for u sufficiently close to uq. 

Let F: ®j DR'(Mj) ®jDR*+^{Mj), k e Z, he a linear differential oper- 
ator of degree d{F) < 2. Then for A G A^ and |A| large enough the operators 
FGl{u): {DR'{M))^ (Di?*+'=(M))^ are defined, bounded, and smooth in z/ G 

\ (0,0). (It is proved above.) For example, dG\(u) and 5Gx{u) are smooth in u. 
According to (3.24) we have {dGl{u)) = dd^G\{v), {5G\{y)) = 5d^G\{v). 

The operators dG\{v) are defined for A ^ Spec(A*). From (3.24) and (3.25) we 
get 



d, {dG\{v)) 



7=0 



d { d^G\{u) 



7=0 y 



-(A-Ai)-2rf (^r({\-\,)-\B 



7=0 



for a C°°-local map [Rl^, Oj (M^ \ (0, 0), uq), where Ai G A^ with |Ai| large enough 
and A ^ Spec (A'^). Proposition ^]T] is proved. □ 

3.3. Theta-functions for the Laplacians with z/-transmission boundary con- 
ditions. Proofs of Theorem |3.2| and of Proposition |3.2| . Let e be fixed, < e < 



-K 12. The operator exp (— tA*) is defined for Re t > 0, 7r/2 — e> argt > — e) 

by the integral 



exp (-tA'J = ^ / exp(-At)G'I(z/)rfA, (3.26) 
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where T^,, = T^^ U Tl^, T^^ = {\ = -L + xexp{te), +oo> x> 0}, = {X = 
—L + xexp{—ie),0< x <+oo}, L > 0. The integral (3.26) is absolutely convergent 
because the operator norm in {DR'lM))^ of the operator G*(z^) (which is bounded 
in {DR*{M))2) is estimated by 0(|A|~^) for A G TL,e, according to Theorem |3TI|.^^ 
This integral is independent of L > and of e, tt/2 > e > 0, for t such that 
I argt| < n/2 — e, since the spectrum of A* is discrete and since Spec (A*) C M+ U 0. 
With the help of the inverse Mellin transform f M~^f 

(M-'f) (t) := i2mr' [ Tis)t~^ fis)ds 

^ ' JRe s=c 

it is possible to obtain the results about the asymptotic expansion for Trexp (— tA*) 
as Re t — > +0 (when 7r/2 — e > |argt|) from the results about (,y^,{—m), m G 
Z+ U 0, and about reSs=s^. Cv,»{.s) obtained in Theorem P?T| The integral (3.26) can be 
transformed as follows 

exp(-tA') = n'[v) + — f exp{-tX)Gl{iy)dX, 

where 'H*{i') is the kernel of the orthogonal projection operator of {DR'{M))2 onto 
KerA* and where 6 > and p, p > S, is such that Spec (A*) fl (0,p] = 0. The 
operator exp (— tA') for | argt| < n/2 — e can be represented as follows (where V is 
the same as in (3.18) and c > 0): 

exp(-tA') = + — f exp{-tX)Gl{u)dX = 

2-n Jr^s,e 

= n*{u) + — I {2m)-^G\{u) ( I (At)-T(s)rfs) dX = 
2tx Jr^s^e V-'Re s=c } 

= n'{u) + (27ri)-^ / rT(s) f ^ / X-'G\{u)dx\ ds = 
JRe s=c \2n Jr_s^^ J 

= H'M + (2m)-' I t-'T{s) (— [ X-'G\{i^)dx] ds = 

JRe s=c \27T Jr J 

= n'{iy) + {2m)-' f T{s)t-'T_s{jy)ds. (3.27) 

JRe s=c 

Here, the integration is over Re s = c from c — ioo to c + ioo (where c > 0). The 
operator T^si^) for Re s > is defined by the integral (3.18). The transformations 
we apply in (3.27) are correct by the Fubini theorem since the estimate 

\\G\{v)\\, < G ■ \X\-\ AGr_,,„ 



The constant factor in this estimate depends on e. 
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is satisfied by the operator norm of G*(z/) in {DR'lM))^ and since for Re s > the 
gamma-function can be estimated as follows. We have 

r(s) = / t^~^ eyip(—t)dt = / t^^^ exp{iLps) exp {—texp(iLp)) dt 
Jo Jo 

for Re s > and for an arbitrary G M such that 7r/2 > |(/?|. So the estimate holds 
for any ei, < ei < tt/2 and for Re s > 0: 

|r(s)| < (sinei)-^'=T(Re s) exp (| - ^i) |Im . (3.28) 

The kernel of {T_s{h'))^_^ is continuous in {xi,X2) G M^^ x Mj^ for Re s > n/2 
(according to Theorem |3.1| ). The equality (3.27) holds also for c = Re s > n/2. 
For such s the integral /ae s=c ^(■s)^"'' (T_s(z/))^^ (is is absolutely convergent (by 



Proposition |3]^ below and by (3.28)). Hence it defines a continuous on Mj^ x Mj^ 
kernel. So the kernel E'^^^^iy) of exp(— tA') is continuous on Mj^ x Mj^ because 
we have 

= ^•(^)..,.. + (2«)-^ / V{s)r^ (T-.(z/)),^,,^ dt, (3.29) 

J Re s=c 

where c > n/2. (The integral in (3.29) converges uniformly with respect to xi, X2 for 
any fixed c > 72/2 by Proposition |3.5| .) 

From the functional equation T{s) = s~^{s + 1)^^ . . . (s + / — l)~^r(s + /) it follows 
that |r(s)| for Re s > — / is also estimated by exp (— {tt/2 — ei) \ Im s\) as | Im s\ 
oo (with any fixed ei, < ei < vr/2). The operator exp (— tA') for Re t > is a 
trace class operator. Namely its kernel is continuous on Mj^ x Mj^ (as it follows 
from (3.29)). Hence it is a trace class operator and its trace is equal to the sum 
of the integrals over the diagonals Mj of the corresponding densities (according to 
Proposition below). 

The theta-function 6u,»it) for A* is defined as the trace of exp (— tA*) for Re t > 0. 
The analogous theta-function 9i,^,(t;pj) is defined as the trace Tr {pj exp (— tA*)) for 
Ret > (where pj: {DR\M))^ {DR'{Mj))^ ^ {DR'{M))^ is the composition 
of the natural restriction and of the prolongation by zero). Proposition p.8| claims 
that 9y^,{t]Pj) is equal to the integral over Mj of the density tr (*x2^Mj-^*xi,x2(^)) • 

The zeta-function Cv,»{s) is defined by (2.8) for Re s > n/2 {n := dimM). It is 
equal to TrT_s(z^) for Re s > n/2 (according to Theorem |3.1| and to Proposition! 



The zeta-function (i^'iPj) '■= Tr {pjT_s{v)) is equal for such s to the integral over the 
diagonal i Mj X Mj of the density, corresponding to the restriction of the 

kernel T^s{i^) to i (^Mj). The integral of this density over Mj can be represented 

as the sum of the integrals of densities on Mj and on dMj (they are defined by 
the parametrix (3.3) and can be continued to meromorphic functions on the whole 
complex plane C 3 s) and of a density on Mj, which is holomorphic for Re s > 
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{n — m)/2. (This assertion follows from the proof of Theorem The contour 

of the integration in (3.27) can be moved to Re s = a for an arbitrary a such that 
(—2a) ^ U (according to the estimates of |r(s)| as | Im s| —>■ +oo and to 
Proposition |3.4| below). Then it follows from (3.27) that 



OuAt-^Pj) = E^"^""'^^'res,=,, (r(s)C.,.(s;p,)) + 

+ {2ni)-' I r'T{s)C,,,{s]Pj)ds + TiipjH'iu)) , (3.30) 

J Re s=a 

where the sum is over k such that Sk '■= {n — k)/2 > a. The estimate of the integral 
over Re s = a in (3.30) is obtained with the help of (3.28) and (3.40) as follows. For 
Re t > 0, I argt| < 7i/2 — e {e, < e < 7r/2, is fixed) and for Re s = a the estimate 
is satisfied: 

t-T(s)C.,.(s;p,)| < (^sin|) ^"V(«)l Wexp (^-|| Im s|) C (^a, x 

X {c;jr'^r(2(l-a),Q/4p'/2^ +max(p-^l) (l + ^ - ar^) } , (3.31) 

where the sum is over k < n — 2a. The constants C(a,£/4), Cs/4 in (3.31) and the 
function T{u; x) are as in Proposition p. 4| , (3.40). The latter estimate is a consequence 
of (3.28) and (3.40)), where ei and e are replaced by e/4. We see that 



/ t-'Tis)C,,,{s;p,)ds 

J Re s=a 



<Ci{e,a)\t\-'', (3.32) 



where Re t > 0, |argt| < 7r/2 - e, 7r/2 > e > 0, a < 0, and (-2a) ^ Z+. The 
assertions of Theorem |3.2| about the asymptotic expansion (3.1) for 9u,,(t;pj) (relative 
to t — s> +0 when |arg)f:| < tt /2 — e) follow from the equality (3.30) and from the 
estimate (3.32). The estimates analogous to (3.40) below and to (3.32) are satisfied 
also by the analytic continuation to C 3 s of the densities (on Mj and on dMj) 
defined by the parametrix -P™(z^) (as in Proposition p. 5| below). Thus we see that the 
equalities between the densities in the integral representation for the coefficients of 
the expansion (3.1) and the corresponding densities for the residues and the values 
of Cu,m{s;pj) are satisfied. 

The uniform with respect to z/ G \ (0, 0) estimate (3.2) for the traces of 
exp (— tA') (for a fixed t, Re t > 0) follows from (3.30) and (3.31) because for 
a = —m — 1/4, m G Z+, m » 1, the integral over Re s = a on the right in 
(3.30) is absolutely convergent. The estimate^^ (3.31) and the equality (3.30) pro- 
vide us with the uniform in z/ upper estimate for Tr {pj exp (— tA*)), z/ G \ (0, 0). 



^"^For a < the function T (2(1 - a), Cg/4p^/^) tends to r(2(l-a)) as p ^ +0 and so it is 
bounded for < p < 1. 
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Indeed, the estimate^^ dim Ker A* < C is satisfied uniformly witli respect to v. Tlie 
formulas q-n+k = reSs=s^ {r{s)C^^,{s;pj)) +5„,fcTr {pjH'{i^)) for the coefficients q^n+k 
of the asymptotic expansion (3.1) are consequences of (3.30) for a = —m — 1/4, 
where m G For a = —m — 1/4 the absolute value of the integral over Re s = a in 
(3.30) is estimated (with the help of (3.31)) by C|t|™"*"^/^ uniformly with respect to 
G \ (0, 0) (where Re t > 0, | argt| < tt /2 — e, 7r/2 > e > and e is an arbitrary 
but fixed). So it holds 

n+2m—l 

o.At;Pj)= E g-n+fcr("-'^/' + {g-n+2™r + o(|tr+^/')}. (3.33) 

k=0 

The latter two terms in (3.33) are Odtl™) relative to t ^ +00 uniformly with 
respect to z/ 7^ (0,0) (for |argt| < n/2 — e). The statements about the structure 
of the values and the residues of Cu,m{s]Pj) (Theorem ^.1[ ) provide us with the de- 
sired information about coefficients q-n+k in (3.1). These values and residues (up to 
5„_jfcTr {pjli-'iy))) are the sums of the integrals over Mj, 9M, and N of the densities 
which are defined by the absolutely convergent integrals of the components a-2-k and 
d-2-k+i { l|Se2|| , Theorem 2, and the proof of Theorem ^]l| above). The latter symbols 



are defined by (3.4), (3.11), and (3.10). These integrals are smooth in z/ G \ (0, 0). 
Hence the coefficients q-n+k in (3-1) are smooth inu ^ (0, 0) (and are invariant under 
u — > cu, c 7^ 0). Theorem p.2| is proved. □ 

Remark 3.2. The coefficients q-n+k of (3.1) for < k < m are completely defined 
(according to (3.33) and to Remark |3.1D by an arbitrary parametrix P^iv) (3.3) for 

(a:-a)-\ 

Proof of Proposition |3.2| . The parametrix^^ P'^^^yiv) for E*^y{i') (defined by 



(2.126)) is such that it is smooth in {x,y) G Mj^ x Mj^ and in z/ G \ (0,0). The 
z/-transmission boundary conditions (1.27) are satisfied for (A*^^ P'^i^) (i-e., the 
image of {DR*{M))2 under the action of the operator with the kernel Pt^^y{i^) belongs 



to D (^(A*) j for an arbitrary k G 1'+). The uniform with respect to z/ G \ (0, 0) 
estimates (2.127), (2.128) are satisfied and for x from an appropriate neighborhood 
U of N C M we have (j)t + A'^^ P*^™''(z/) = (where U is independent of z/). 



^*It follows from the exact sequence (1-14) (where Zj := Z D dMj) and from Lemma LI that 
dim Ker A* = dim H' (Af^ , < ^ dim H' {M, , iV U Zj ) + dim H' (N) . 



^^The properties of such a parametrix are summarized in Proposition 2.21 . For the sake of brevity 

connected with 



The terms of P/"V)> 



the proof of Proposition 3.2 is given in the case of dM = 
the Dirichlet and the Neumann boundary conditions on the components of dM, are independent of 
V and the proof in the case of dAI ^ does not contain any additional difficulties. 
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Set r|^'*y(z/) := (dt + ^l,x) P'x^i'^)- Then the estimates are satisfied for any k G 

Z+ U ' ' 



^ < (3.34) 

where Cm,k is independent of G \ (0, 0) and of t G (0, T] {n := dimM). 
The kernel E'^^yijy) can be represented as the Volterra series™ 

= E(-^)' /, / WTT IT • • • (3.35) 
i->n "'Afc "'(j/i,...,j/fc)e( AfiUM2 1 



where = {(ctq, . . . , 0"^) : < cTj < 1, c"i = 1} (and the scalar product tr(c<Ji A *uj2) 
with the values in densities on M is implied in (3.35)). The proof of (3.35) (or of 
(2.137)) is given in the proof of Proposition |2.21| . 

Let ip: I ^R'^\ (0,0), u = (^(7), be a C°°-map (where 7 G [-a, a] =: /). Then 
the only term in -P*!^^^,/) (^^^ y')^'^'' depending on 7 is 

^jv,t ® ^(xi)E,,4(z/)v9(2/i) =: £;;,,,(//) (3.36) 

but it does not depend on m. (Here Ej t corresponds to A/ with the Dirichlet 
boundary conditions on dl, v^, G C^{I \ dl), ip = 1 in a neighborhood of supp ip C 
/ \ dl, f{xi) = 1 for xi G [—1/2, 1/2] and ip, ip are even: (p{—xi) = (p{xi), ip{—xi) = 
ip{xi).) So, as it follows from the explicit formulas (2.40) for {Gj{i'))^_^ (and from 
the analogous formulas (2.54) and (2.55) for {Ej^t{i^))^^ ^J, the uniform with respect 
to 7 estimates are satisfied for any k,q E 

a>a(^)|<Cfefc)^""^'^'- (3-37) 
because they are true for {dt + A^/ + A^J |(EAr,j)^,^^, ®iIj{xi) {Ej^t{jy))^^^y^^{yi)] 

and for {dt + A^/ + A^J {{EN,t)^>^y> ® ip{xi) {alEi^t{j^))^^ y^ ^{Vi)} (where ai is the 
refiection of / = [— 1, 1] with respect to G / which acts on the variable Xi). The 
kernels d^E*^ j{v) are the linear combinations of these two kernels with the coefficients 
independent of x and y. (These coefficients are smooth in 7). The estimate (3.37) 
is satisfied for t G (0, T) and for an arbitrary q G Z+ uniformly with respect to 7, 
because if dx^'ip{xi) 7^ then p(xi,suppv9) > 5 > 0. 

Let DR*^{1) be the space of forms on M of a class (i.e., of forms with I contin- 
uous derivatives on M) equiped with a C'-norm.'^^ Let DR\j j^{l) := DR'^^ ® 



™This series was used in the case of a closed manifold M in |BGV|, 2.4, 2.7. See also the formula 
(2.137) above. 

^^This norm corresponds to a smooth partition of unity {(pi} subordinate to a finite cover {Ui} 
of Ml and of M2 by coordinate charts (i.e., tpi g Cg°{Ui)). For v € DRlj j^{l) its C'-norm 
is equal to J^^'^PxeUi suP|q|</ \D^{ipiv)\ i.e., to the sum of the suprema of partial derivatives of 
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DR'i^ (^M2^ be the space of pairs (tui, u;2) of forms ujj of a class on Mj with a C'- 
norm. The operators with the kernels P*^^y{v) for G \ (0, 0) and the operators 

corresponding to d^P'^ i'^il)) (for a fixed k G Z+ U 0) are families of uniformly 
(with respect to z/ and to t G (0,T]) bounded operators acting from DR\j{l) into 
DR%fj^{l). For the operators, corresponding to the interior terms in P*^{i^) this 



assertion is proved in ||BGV|| , Theorem 2.29, Lemma 2.49. This proof uses that this 



statement is local in a; G M (for a closed M) and it uses also the explicit definition of 
Piru over a geodesic ball exp^ B C M (where i? is a ball ||f || < c in T^M and exp^, 
is the exponential map for [M^qm) from T^M). 

The kernel (3.36) (i.e., the term of P'^{i^) corresponding to the interior boundary 
A^) is equal (up to the factor ip{xi)ip{yi)) to a linear combination given by (2.54) and 
(2.55) of the kernels E' for N x I and (tIE* (cti is the mirror symmetry with respect 
to X 0).^^ Its coefficients depend on {ji,j2,J^), where {x,y) G Mj^ x Mj^. These 
coefficients and their derivatives of a fixed order on 7 are uniformly bounded. 

For a closed N the operators defined by (^pj^^^^ := (-P/^at)^ ^^^^ uniformly bounded 
for < t < T with respect to a C'-norm in the space DR*^{1) of C'-smooth forms 
on A^. The equality (3.35) is satisfied by E^j^, P^T^ r^^} ■ Since the estimate 

(3.38) below (as well as the analogous estimate (3.34)) is satisfied by r^^} (where 
n is replaced by n — 1) we see that the series of operators on the right in (3.35) is 
convergent for m > (n + / — l)/2 relative to a C'-norm in DR*j^{l). Hence the sum of 
this series defines a family of the operators E^^ in DR'j^{l) bounded uniformly with 
respect to t G (0,T]. The analogous assertion is also true for a family of operators 
defined by the kernels ^(xi) [E},) fiyi) acting on smooth forms with compact 

supports on {I,dl) (with respect to a C'-norm). So the kernels -E^/(i^)i,(xi,a;'),(j/i,j/') 
and d'^E]^ j{i'{'j))t^(xi,x'),iyi,y') (for a fixed q G Z_|_) define collections of uniformly (in 
t G (0, T] and z/ or in t and 7) bounded with respect to a C'-norm operators from 
DRlj{l) into DRI,^^{1). 

The kernel r^^y^v) is smooth on M x Mj according to the definition (2.126) of 

P*^^y{h'). The C'-norm of rj™y(z/) on each M x Mj satisfies the estimate (analogous 
to' (3.34)) 



uniformly with respect to z/ G \ (0,0) and to t G (0,T]. The estimates analogous 
to (3.37) and to (2.129) are satisfied uniformly with respect to z/ and to t G (0,T] 



orders < I. The C'-norm for an arbitrary smooth finite cover and for a partition of unity {(^^} 
subordinate to is equivalent to the one defined by {Ui} and by {fi}- 
'''^The operators dj^P^^^v) — d^Ejqj^L') for k G Z+ are expressed similarly. 
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also by the C'-norms of d^rl^^^ylu) on each M x Mj for any k,q & Z+: 



,(m) 



, < C(,,fc,ot-"/'+^. (3.39) 



Leibnitz's rule claims that Pf .j.y{i'{'y)) is a bounded operator from the space of 



into 



C'^^-maps Lu: [—a, a] DR*jyj{l) (equiped with the norm Z^^Lo sup^g[_a,a 

([—a, a], DR\,j j^{l)y Indeed, the kernel 5^P/j^|^(z/(7)) depends smoothly on 7 G 
[-a, a] on Mj^ x Mj^ for A; G Z+ U 0, since Pt^l{iy) ■= {Pm)^^ + E'^ji^) and 
since E*j^j{p) is smooth in z/ G \ (0, 0). For < t < T the operators (p/^VIt))) 
from CP([-a,a],P)P;^(/)) into {\, —a,a],DR\^j^{l)^ are uniformly bounded, be- 
cause d!^Pj;"^^ (for a fixed A; G Z_|_ U 0) are the operators from DR\j{l) into DR\^ j^{l) 
bounded uniformly in 7 and t, < t < T, with respect to a C'-norm . Hence, ac- 
cording to (3.38), (3.39), and to the fact that the volume of is equal to {k\)~^, 
the series (3.35) for the derivative d'f^Et^xi,x2 i^il)) is convergent in the C'-norm on 
U (^Mj^ X Mj^^ for m > (n + (The number m in the definition p('") is greater 
than (n + /)/2.) _ _ 

This proves that di^E*^^_^ ,^^{h'{'y)) is C°°-smooth on M^^ x Mj^. (For instance, for 
k = this proves that E'^^^^^^{v) is C°°-smooth on Mj^ x Mj,^.) 

So the restrictions i*jEl ^^^{yipf)) to the diagonals ij \ Mj ^ Mj x Mj are C°°- 
smooth double forms on Mj which are C°°-smooth in 7 . Since rm(t, z/) in (3.1) 
are O ^t('^+^)/2^ uniformly with respect to G \ (0, 0) and since Qi are C°°- 
smooth in u we see that the asymptotic series (3.1) can be differentiated on 7. 
Actually, the equality (3.35) holds for P*(z/), P*^™^(z/), and rl"^\i'). The kernel 
r|™''(z/) satisfies the estimates (3.34), (3.37), and (3.39) and the kernel P'^^\v{'^)) 
defines a family of uniformly with respect to t G (0, T] and to 7 bounded opera- 
tors from CP ([-a, a], DRlj{l)) into C^ (^[ —a, a], DR'jyj . Hence the power terms 
^{-"■+i)/2^ < j < 2m, in the asymptotic expansion of jf^j.ti i*jd^El{v) as t — > +0 
are equal to the appropriate terms in the asymptotic expansion of i*(9^P*'"™''(z/). 
(The kernel [eI{u) - P'^"'\u)) ^ ^ is O (f-^/^+^+^y according to (3.35).) But 

the coefficients qi, < i < 2m, in (3.1) are completely defined by i*P'^"^\i'), be- 
cause the kernel (^E*{u) — P*^^\v)^ is O |^t~"/2+ni+i^ uniformly with respect to 

(xi,X2) G Mj^ X and to t G (0,T], according to (3.35). Thus Proposition |3]^ is 
proved. □ 

3.4. Estimates for zeta-functions and for the corresponding kernels in ver- 
tical strips in the complex plane. 
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Proposition 3.4. The meromorphic continuation of the zeta-function Cu,»{s',Pj) '■= 

Tr {pjT^s{t^)) for Re s > n/2 is estimated by C{e) exp {e\ Im s\) as | Im s| ^ +00 for 
any fixed e > 0. Namely for any e > and for an arbitrary a G M the following 
estimate is satisfied if lie s > a: 

< C(a,£:)exp (£:| Im s|) x 
X (c^(^^ ^-i)r (2(1 - Re s),c,p^/2) +max(p-^^^l) (l + Ek-SiT')) ' (3-40) 

where p > is such that Spec (A*) fl (0, p] = and the sum is over Sj := (n — j)/2, 
—Sj ^ Z+UO, Sj > a. The constants C{a,e) and are positive and independent of 
z/ G \ (0, 0), and r{u, x) := t"-^ exp{-t)dt for x > 0. 



Proposition 3.5. For Re s > n/2 (n := dimMj and for any e > the following 
estimate is satisfied (where p > is such that Spec (A*) fl (0, p] = 



(T-sii^)).,,., <C,p-^^^exp(e|Im.|) 




(3.41) 



Proof of Proposition |3.4| . It is proved in Theorem |3.1| that the operator norm 
||G'(z/)||2 in {DR*{M))^ of the Green function G'^^{h') for the Laplacian A* is esti- 
mated by Ce|A|~^ for A G := {A G C, e < argA < 2it — e}, where e, < e < n is 
fixed. The spectrum Spec (A*) is a discrete subset of IR+ U by Theorem ^A\ . So the 
operator T^si,^) defined by the integral (3.18) is equal to the same integral with the 
contour T replaced by r(e) := Fi^^ U U F2,£, 

^1,6 = {A = xexp{ie),oo > x> p}, F^ = {A = pexp{i(p),e > (f > -e}, 
^2,e = {A = X exp{—ie), p < x < 00}. 

There is a constant c > such that the principal symbol {b2{x, C.) — A) id of A* — A id 
on M is invertible for 

lel' > c|A| (3.43) 

in the coordinate charts Ui (of the same finite cover {Ui} of M as in (3.3)). The 
integral (3.18) over the contour F(e) (the latter one is defined by (3.42)) does not 
depend on p for all p > such that (0, p] fl Spec(A*) = 0. We suppose from now on 
that 

0<p<(2c+l)-^ (3.44) 

and that (0, p] n Spec( A') = 0. 
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The kernel {r^)^_^ of the operator := G'*(z^) — for m > n is continuous on 



X Mj^j for A G Agyo. (The parametrix P™ is defined by (3.3).) It is estimated 
for |A| > p, A G (according to (3.19)) uniformly with respect to z/ G \ (0, 0) by 

/ , , 1 /o\ — (2+m)+n+ei 

TU,.,|<Qe.(l + |A|^/^) (3.45) 

for any ei > 0. Since (3.45) is satisfied for all A G r(£), we have for Re s > 
2"^ (-m + n + ei) that 



2tc Jr(,) 




< 



< 2Ce,£i (f^l Im s|) X 



X 



lAI 



Re s 



(l + |A| 



1/2 



-^{2+m)+n+ei 



d\\\ + vrpmax Ip 



Rc 



. (3.46) 



The estimate (3.46) claims that for the proof of (3.40) in the domain Re s > a 
it is enough to prove the analogous estimate for the analytical continuation of the 
densities on Mj, N, and on dM, corresponding (for Re s > n/2) to the kernel of 



A-^PfciA, 



where m = m{a) G Z+ is sufficiently large. (These densities were introduced in the 
proof of Theorem |3.1| , and the sum of their integrals is equal to the trace of (3.47).) 

Let Re s > n/2 and plnti.^) be the density on Mj, corresponding to the restric- 
tion to the diagonal ij-. Mj ^ Mj x Mj of the kernel Pj'^^(a;i, X2) of the operator 
/r(,, A-^ (p, ^^P^^nm¥>^) d\ (where P^-,, is defined by (3.13) and by (3.4)). Then 
Pint{x) can be continued to a whole complex plane C 9 s as a meromorphic density 
5e2||, Lemma 1, or ||Sh||, Theorem 12.1). 



Proposition 3.6. The density plnti^) satisfies the following estimate for any e > 0.' 

|p|;f,(x)| < C, max (p-i^^ ^ 1) exp {e\ Im s\) ^ |s - s^V' , (3.48) 



where the sum is over < k < m such that {—Sk) ^ Z+ U 0. 

Proof. The density p1^f{x) for Re s > n/2 corresponds to the sum of the integrals 

(27r)-"^¥,,(x) / d^^ [ A-^^(^,A)£a_2-,(x,^,A)ciA, (3.49) 
j -I 27r7r(,) j^^ 

where a_fc is a positive homogeneous of degree {—k) in A^/^^ component of the 
symbol s ((A* — A)^^ ) in the coordinate chart Ui defined by (3.4). The integral (3.49) 
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is the sum of the integrals Joe(^) + ^isi^) + ^id^) ^^^^ three corresponding 
domains: 

i^o:={(e,A): |^|'<l-p, Aer(,), |A| < (l - |^|')} , 

/i:={(e,A): |e|'<l-p, A |A| > (l - } , (3.50) 

^2:={(e,A): |e|'>l-p, Aer(,)}, 

Since Kq is compact and since X'^OY^"^ C'-2-j{x,^, \) is continuous on Mj x Kq, 
the density Jo^^i^) is holomorphic in s e C and it is estimated by 



< 

m 

Mj X Ko 



< exp {e\ Im s|) max (^p ^® max ^ 



<^i(a^)^Z]"-2-j(^'C, A) 





(3.51) 



The latter factor on the right in (3.51) does not depend on s and p. Hence it is 
estimated by a constant. 

Set Jfc(x) := Jkeix) from now on. For Re s > n/2 the density J|(x) does not 
change if the interior integral in (3.49) is replaced by the integral over 

r(,),|^|:=|er(l-p)-^r(,), (3.52) 

because 9 X^cT (^-2-j is holomorphic in A in the domain between the contours r(£) and 
r(£) |^|. Indeed, this symbol is holomorphic in A for (^, A) such that |A| > 1 and 

I^P > c|A| (where c> is the same as in (3.43) and (3.44)). Since < p < (2c+l)~\ 
we have for A between F^^) and F(£)^|^| 

p < I A| < \cf p{i-py\ c\\\ < c|ei V(i - P)-' < < ler, 

and |C|^ + |A|>1 for (C,X)el2. 

The density J|(a;) is represented as the sum J|p(a;) + J2j=i,2 Jiji^)^ where 
and Jl^ correspond to (3.49), with the interior integral replaced by the integral over 

F^^i^l := \^f{l-p)-'rj,, and over F^^,^, := |^|2(1 - p)-iF^. The density Jf(x) is 
equal to the sum Z]j=i,2 where the interior integral in (3.49) for the term J^- 

is over the contour Vj^^ \ -Di-i^p [Dr := {A, |A| < r}). 

Set A := exp (ie(-l)^+^) ^ on F^ ,^, (for > 1 - p) and on F^-, \ D^_\^\2 (for 
< 1 - P), where t > is a new variable. Then we have 

I "^^ Vo /(3.53) 
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where Ae(t) := exp ((— t"^, lie s > n/2, and F is the domain 

lel' + t'>l,|el'<l-p,t>P^}u{(e,t): \^\'>l-p,t>\^\pyil-pf^}. 

Since a_fc(a;, ^, A) are nonsingular for A G Tj^s and since r ■ {^,t) E F for G F 
and r > 1, we see that (3.53) can be written as follows: 

{Jli + JIj) i^) = 2 (27r)~("+') ^exp {{-l)He{s - 1)) x 

X EE(2s + ^-^)"VKa;) / r2^+4ra_2_fc(x,e,A,(t))rftcu„+i, (3.54) 

where Fi = Fr\{{^,t): + = 1} and ujn+i is the volume form on the unit sphere in 
M^^^. The integral over the compact Fi in (3.54) is an entire function of s G C. So the 

right side of (3.54) realizes the analytic continuation of the density (^J^j + J|,^-^ (x) 
to a meromorphic in s G C density with no more than simple poles at the points 
Sk = {fi ~ ^)/2, < k < m. 

Since A = p (1 — p) |^pexp(z(y9) on (where e > ip > —e), we have 

j;{x) = -I (2vr)-("+^) E ^K^) / it:as. o^e, (3.55) 

/ fc=0 

where the integral is over {^: > 1 — p} and 

m^^O ■■= /%xp(-zy,(.-l))a_2_fc(x,e,A(¥.,|el))^¥'ler'^^"V^"'\ (s.se) 
1^1) := I^IV exp(iv3), P+ := p(l - p)"^ 

The symbol (3.56) is positive homogeneous of degree (—2s — k) in ^. It is analytic 
in s G C and nonsingular. So (3.55) realizes a meromorphic continuation of Jp{x) to 
the whole complex plane C 9 s. Namely 

I k=o \/l«l=i / (3.57) 

where Un is the volume form on the unit sphere in R". The formulas (3.54) and (3.57) 
provide us with a meromorphic continuation of the density P^^Kx). Together with 
the estimate (3.51) they provide us with the estimate (3.48). (However, with the sum 
in it over all s^, < < m.) The analytic continuation of the density defined by 
the sum of the integrals (3.49) with the interior integral over the contour r(^) (i.e., 
with e = vr) is regular in s = for (— s^) G Z+ U 0. (This assertion is obtained in 
the proof of Theorem |3.1| .) For > 1 — p the interior integral over r(£) in (3.49) 
is equal to the integral over r(7r). So the estimate (3.48) is satisfied, where the sum 
over Sk, < k < m, such that {—Sk) ^ Z_|_ U 0. □ 
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Let Re s > n/2 and let p^g(a;) be the density on Mj corresponding to the term in 
(3.47) determined by the //-transmission interior boundary conditions. It is defined 
by the restrictions to the diagonal Mj Mj x Mj of the kernel for the operator 



I 



[ X~'dXp,Y.tPiVm,u,¥>i, (3.58) 

where = 1^m{X, z/) is defined by (3.9), (3.10), and (3.12). 

The operator Dm is defined by the symbols Y^d-2-k, < k < m, in a coordinate 
chart {x',t), Ui C W'^ x M} (where N nUi = (M"~i x 0) n t/i and the structure 
M"^^ X M} corresponds to the direct product structure of the metric qm near A^). Its 
action on /, / G DR^ (R""^ x (IR+ \ 0)), can be represented for t > 0, ti > 0, as 
follows (JSill, (26)-(28)): 



Y.^v{0,d.2^u)f{x\t) :=f:(27r)-'^ // ex^{i{i\x'))e,d-_2.kr{i'M)dt,di\ 

rfl2„fe(a;', t, ti,X) := - exp{-iTti)d-2~~kix' , t, r. A), 

/"(^',ti) = J exp{-i{^',y)) f{y,ti)dy, 

where r_ = r_(^'. A) is a simple contour in the half-plane Im r < which once goes 
round (in the direction opposite to the clockwise) the only zero of the principal symbol 
{b2{x',^',T) — A) id of the Laplacian (A* — Aid).^^ Lemmas 2 and 3 of ||Se2|| and 
Lemma 2 of fSelll claim that the integral over M+ (where ^/'^□(M"-^ x R+) = f/iRM,) 
/ dZ2-ki^', t, ^'5 ^5 X)dt is a symbol of {x', A) positive homogeneous of degree (— 2— /c) 
in (^,^',A^/^^. It claims also that the kernel on ]R"~^ defined by the integral over 
[T, 00) C M+ (for an arbitrary T > 0) 

exp{i{C,x'-y'))dC J^dX dte,{e,X)^-'d_2^k{x\t,C,t,X) 

is an entire function of s G C, smooth in x' , y', s and vanishing at s for (— s) G Z+ UO. 
The latter assertion is an immediate consequence of the estimate ( |Sel| , (29)) for 
d~ 



2-k- 

DlDl,ft{DTDlDld-_2^,{x\ t, r, ti. A) 



< 



exp {-c. (\t\ + |(,|) (If I + |A|"'^)) (1 + If I + |,|i/y-'-(l.l«rf-(^.<H«.« p^^gj 
with positive constants Ci{e) and independent of z/ G \ (0, 0). 

^^From now on we'll suppose that dM = 0. Estimates of the contributions into Ci^.,(s;Pj) from 
the Dirichlet and the Neumann boundary conditions on the components of dMj \ N are analogous 
to the estimates for the contributions from the i/-transmission interior boundary conditions. 

^■*The whole symbol of A* does not depend on t in the neighborhood of N. 
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Proposition 3.7. The analytic continuation to the whole complex plane C 3 s of 
the integral over Mj of Pj'g{x) (which is defined for Re s > n/2) is estimated by 

/ p%{x) < ci.einax (p~^''^ l) exp (el Im s|) V |s - SfcT^ + 

JMj ■ \ / 

+ C2,eexp{e\lm s\) (2c2(^^ ""^^r (2(1 - Re s),c,pi/2) + vrpmax (p"^" ^ l)) , (3.60) 

where the sum is over 1 < k < m + 1 such that {—Sk) ^ U 0. 

Proof. The trace of the operator (3.58) for Re s > n/2 is given by the integral 

(27r)-"^ / dx'dtvi{x',t) f dC f X-'dXe,{e,X)f:dZ2.kix',t,^',t,X)] . 

(We suppose that ipi{x',t) are independent of t for < \t\ < 1.) It follows from the 
estimate (3.59) that the density on corresponding to the integral 

dt {^i{x', t) - vi{x', 0)) J di' tr J^^ ^ x-'dx e, d-_,_,^ 

has the analytic continuation which is an entire function of s G C and which satisfies 
the estimate 

C,,m,n, exp ie\ Im s\) hp{ce, Re s) J {1 + |e|)""^ expi-c,\^'\)d^' , (3.61) 

hp{ce, Re s) := exp (-Cet^^^) t"^' 'dt + vrpmax (p-^'^ ^ l) = 

= 2c2(^^ "-i)r (2(1 - Re s), Cep^/^) + vrpmax (p"^^ ^ l) , 

where ui G Z+ is sufficiently large. 

The density on is defined by the integral 

pt;ldx') := (2vr)->Ka:',0) f dt [ d^ tr f X^'dXe^f^dZ^^ (3.62) 

which is absolutely convergent for Re s > (n — l)/2. Hence it is analytic in s for such 
s. The integral over t G M+ of dZ2^k ^ positive homogeneous of degree (—2 — k) in 
(^', A^/^) symbol, which is smooth in (x', A) and analytic in A for c|A| < |^'|^ (where 
c is the same as in (3.43), and (3.44)) and in A G Ag/2 '■= {A: e/2 < arg A < 27r — e/2} 
for (^', A) 7^ (0, 0) ( ||Sel|| , Lemma 2, ||Se2|| , Lemma 2). So the proof of Proposition |3]^ 



is valid also for the density (3.62) (where (a;,^,n) are replaced by {x',^\n— 1)). We 
conclude that this density has a meromorphic continuation p^'Jg(x') with no more than 
simple poles at the points Si, . . . , s^+i- This proof provides us with the estimate 

Pi:lai^')\ < ci,. max (p-^^ ^ l) exp {e\ Im s\) ^ |s - Sk\-' , (3.63) 
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where the sum is over 1 < k < m + 1. The analytic continuation of the density on A^, 
defined by the sum (over I) of the integrals (3.62) for the interior integrals over the 
contour r(^) (i.e., with e = n) is regular at s = for (— s^) G Z+ UO. (It is proved in 
Theorem p.l| .) For |^'|^ > 1 — p the integral over r(£) in (3.62) is equal to the integral 
over r(^). Hence the estimate (3.63) is satisfied if the sum is over k, 1 < k < m + 1, 
such that (— Sfc) ^ Z+ U 0. The estimate (3.60) follows from (3.63), (3.61). □ 

The estimate (3.40) follows from Propositions p.6| , p.7| , and from (3.46). Thus 
Proposition is proved. □ 

Proof of Proposition |3.5| . The estimate (3.46) in the proof of Proposition |3.4| is 
satisfied by the integral of (r^)^^ So it is enough to obtain the estimate (3.41) for 
the kernel of 

where Re s > n/2. The term p^^^^{xi, X2) in this kernel has the same form as in 
(3.49) but with the addition factor exp {i^{xi — X2)) under the integral sign (where 
X and fj{x) are replaced by Xi and by 4'j{xi)(pj{x2)). The integration over the 
domains (3.50) in the integral corresponding to (3.49) represents this kernel as the 
sum (^Jq^i; + Ji^s + {xi,X2), where Jf^^ corresponds to the integration over the 
appropriate domain in (3.50). The term Jq^^{xi,X2) satisfies the estimate (3.51) 
if Re s > n/2. (In this estimate max ^p~^'^ 1^ can be replaced by p'^^'^ since 
Re s > and since < p < 1.) 

The contour r(£) of the interior integral in (3.49) for Jl^ can be replaced by the 
contour r(£) |^| defined by (3.52). The sum of the integrals over the straight line pieces 

of r(£) and of r(e) |^| in the kernel (^Jf^^ + J|g^ {xi,X2) has the same form as (3.53) 
(but with the factor exp {i{xi — X2)^) under the integral sign). The integral over the 
circle part of ^{e),\^\ for the kernel j(xi,X2) is also completely analogous to (3.55). 
This provides us with the estimate for the kernel p^^f.{xi,X2) (where Re s > n/2): 

\pt;:t{xi,X2)\ < C.exp {e\ Im s\) p-^^ '{Res- n/2)-' . (3.64) 

The proof of (3.41) for an arbitrary closed manifold M follows from the estimate 
(3.64) together with the estimate (3.46) for {r^)xi,x2- (They also give us the proof 
of (3.41) for a part Pinti^i, X2) of the kernel (T_s)^^ defined by a local parametrix 
Y^ji^jPTint^j-) If {My 9m) is mirror symmetric with respect to {N,g^) (and the u- 
transmission interior boundary conditions are given on A^) then the kernel (T_s)^^ 
for Re s > —n/2 can be represented by the formulas (analogous to (2.54), (2.55), 
and to (2.118)), where u = {a, (3) 7^ (0,0) and corresponds to a closed manifold 
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{M^qm) (or to uq = (1, 1) that is the equivalent according to Proposition |1.1|): 
X9 = o^^^qo (T-s) for 3^1, a;2 from different M^, 



(3.65) 



where cxi is the mirror symmetry on M with respect to N, acting on the variable xi. 
The kernel (T^i) can be analytically (meromorphically) continued to the whole 

V / xi,X2 

complex plane C 3 s (separately on the diagonal Xi = X2 and off the diagonal). It 
follows from ||Se2|| , Theorem 1 or from the proof of Theorem |3.1| . Hence (3.65) is true 



for all s G C So the estimate (3.41) is satisfied also in the case of the i/-transmission 
interior boundary conditions on if (M, qm) is mirror-symmetric with respect to N. 

The boundary term^^ J2 '^j1^m,ufj of the parametrix can be identified with the 
same term in the mirror-symmetric case (as it is defined in a neighborhood N x I of 
N = N X 0, I = [-2,2]). The estimate (3.46) for the integral over T(^e) of 



r 



X 



X\,X2 



is satisfied for the mirror-symmetric case also. So the estimate (3.41) is satisfied by 
the kernel pff 3,2(5) of the operator J2i^j1^m,uVj- This estimate for pff 3.2(5) together 
with the estimates (3.64), (3.46) for p1^^{xi,X2), and with the estimate (3.46) of the 
integral of (?"a')xi ^2°^^^ ■'^(s) Provides us with the estimate (3.41). □ 

3.5. Appendix. Trace class operators and their traces. A bounded linear 
operator A acting in a separable Hilbert space if is a trace class operator if the series 
of its singular numbers (i.e., of the arithmetic square roots of the eigenvalues for the 
self-adjoint operator A* A) is absolutely convergent. If A is a trace class operator 
then its matrix trace exists for any orthonormal basis (cj) in H: 

J2{^ei,ei) =: SpA 

and this sum is independent of the orthonormal basis ( |[Kr|| ). It is called the matrix 
trace of A. The Lidskii theorem (0) claims that if A is a trace class operator then 
the series of its eigenvalues is absolutely convergent: J2 \ < 00 and its trace 

Try4 := is equal to its matrix trace: Ti A = SpA. (Here the sums are over 

all the eigenvalues Xj{A) of A including their algebraic multiplicities, |^a|, Ch. 1, 
^ 5.4.) 



'^^The operator T>„i = T),n.\{v) is defined in the coordinate chart M" ^ x 9 (x',t) by (3.12), 
(3.11), (3.10). 
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Proposition 3.8. For t > the operators exp (— tAj,,, j) and pi exp {—tAu^j) are 
trace class operators in the L2- completion [DW {M))^ of DW{My^ and their traces 
are equal to the integrals of the densities defined by the restrictions to the diagonals 
of their kernels: 

Trexp(-tA^oj) = ^ _ ti (*^^ilj^El^^^^^{uQ)) , (3.66) 

r=l,2 

Tr {pi exp(-tA^oj)) = /_ tr (^*^^il^^El^^^^,^{uQ)^ . (3.67) 

Here pu: {DW{M))^ {DW {Mk))^ ^ {DR^{M))^ is the composition of the re- 
striction to Mk of differential forms and of their prolongation to M by zero on another 
piece of M , im^ '■ Mr ^ Mr x is an immersion of the diagonal, and the exterior 
product of the double forms (restricted to the diagonal) is implied. 

Proof. The operator At := exp(— tAj^gj) is positive definite on {DW {M))^ and for 
an arbitrary / G {DR> {M))^, / 7^ 0, it holds (A/, /) > (where the scalar product 
on {DR^{M))^ corresponds to (1.23)). 

The operator Bt := pi exp {—tA^^j) is positive definite on the subspace {DW {Mi))^ 
of {DW{M))^. Namely {Btm,m) > for m G {DW{Mi))^, m ^ 0, and it is a non- 
negative operator on {DR'{M))^ : {BtfJ) > for / G {DW{M))^. 



The operator exp(— tAj^gj) is self-adjoint on {DR^^M))^ by Theorem |3.2| . Its kernel 
A[xi, X2) is smooth on Mj.^ x (as it is proved in Proposition |3.2|) and its trace is 
equal to 

Trexp(-tA,,(,j)= ^ Tr(pfcexp(-tA^„ j)) = ^ Tr(pA:exp(-tAi,oj)pfc) . (3.68) 

fc=l,2 fc=l,2 

(The matrix trace for exp {—tA^^^j) in {DR^{M))2 ='■ H can be computed with the 
help of an orthonormal basis (ej(l)) , (ej(2)) in H, where {ei{k)) is an orthonormal 
basis in Hk := {DW {Mk))^-) 

The operator := PfcCxp {—tA^gj)pk acting in H = Hi Q) H2 has a continuous 
kernel Ak{xi,X2) = El:^^ r^^{vQ) on M^ x (and it has the zero kernel on M^j x 
for ki 7^ k2). The operator A^ is a self-adjoint operator acting in the Hilbert space 
Hk and it is positive definite, {Akf, /) > for / G Hk, / 7^ 0. So according to the 
Mercer theorem JGU], IV.3, plN|] , § 98, the Fourier series for the kernel of A^ by the 
eigenforms oi A^ 

Ak{xi,X2) = YjfJ'j^ji^i) ®ujj{x2), (3.69) 

(where fij > are the eigenvalues of Ak) converges absolutely and uniformly with 
respect to Mk x Mk- Hence integrating this series over the diagonals in Mk x Mk 



'^'^DW (Ml) e DW (M2) C {DR>{M))^^ 
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(for k = 1,2) we obtain the equality (3.66): 

Trexp(-tA^oj) = ^ Tr = ^ /_ tr (^^^^^^(xi, Xa)) . 

k=l,2 A:=l,2"^*^'= 

The equahty (3.67) is obtained similarly 

Tr (pi exp (-tA^o,t)) = Tr (pi exp (-tA^o,t)pi) = j_ ii {il,^^Ai{xi, X2)) . 
The proposition is proved. □ 

Proposition 3.9. For Re s > n/2 the operator T^s defined by the integral (^3.18^ 
and the operators (A*)~^ are trace class operators (n := dimMj. The traces of 
these operators for Re s > n/2 are equal to the integrals over the diagonals of the 
denisities, defined by the restrictions of their kernels to these diagonals. 

Tr ((A:)-^) = E L {^.A^T-six,, X2)) , (3.70) 

r=l,2 

Tr(p,(A:)-^) = l_tT{*,,il,T_,ix„X2)). (3.71) 



Proof. The kernel T^s{xi, X2) for Re s > n/2 is continuous on Mj^ x Mj^ (Theo- 
rem p.l[ ). The operator T_s for such s is nonnegative, (T_s/, /) > 0, and self-adjoint. 



It is a trace class operator (Theorem |3.1| ). For Re s > n/2 the equality holds (anal- 
ogous to (3.68): 

The operator pjT_sPj is self-adjoint in the Hilbert subspace (DR'^Mj))^ of {DR*{M))^ 
and its kernel coincides with the kernel K_s ,j of T_s on Mj x Mj. So for Re s > n/2 its 
kernel is continuous and, according to the Mercer theorem, the series on Mj x Mj for 
K_s^j by the eigenforms of pjT_sPj (analogous to (3.69)) is absolutely and uniformly 
convergent on Mj x Mj. Hence for such s the integral over the diagonal of the 
density, defined by the restriction of the kernel K_s,j, is equal to Ti (pjT^sPj)- Thus 
the equalities (3.71) and (3.70) are proved. □ 
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